Unit 2 Trigonometry (Chapters 5-8)

N

CHAPTER OBJECTIVES

¢ Change from radian measure to degree measure, and vice
versa. (Lesson 6-1)
Find linear and angular velocity. (Lesson 6-2)
Use and draw graphs of trigonometric functions and their
inverses. (Lessons 6-3, 64, 6-5, 6-6, 6-7, 6-8)
Find the amplitude, the period, the phase shift, and the
vertical shift for trigonometric functions.
(Lessons 64, 6-5, 6-6, 6-7)
Write trigonometric equations to model a given situation.
(Lessons 64, 6-5, 6-6, 6-7)

-
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OBJECTIVES

e Change from
radian measure
to degree
measure, and
vice versa.

e Find the length
of an arc given
the measure of
the central
angle.

¢ Find the area
of a sector.

Angles and Radian Measure
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29 WO» .. . .
& % BUSINESS Junjira Putiwuthigool owns a
<

; business in Changmai, Thailand, that makes
olica™”  ornate umbrellas and fans. Ms. Putiwuthigool

ge)

has an order for three dozen umbrellas having a diameter
of 2 meters. Bamboo slats that support each circular
umbrella divide the umbrella into 8 sections or sectors.
Each section will be covered with a different color fabric.
How much fabric of each color will Ms. Putiwuthigool need
to complete the order? This problem will be solved in

Example 6.
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There are many real-world applications, such as the one described above,
which can be solved more easily using an angle measure other than the degree.
This other unit is called the radian.

The definition of radian is based on the concept of the unit circle. Recall that
the unit circle is a circle of radius 1 whose center is at the origin of a rectangular
coordinate system.

—_

P(x,y) X
<)
7

A point P(x, y) is on the unit circle if and only if its distance from the origin is
1. Thus, for each point P(x, y) on the unit circle, the distance from the origin is
represented by the following equation.

V- 02+ (- 02=1

If each side of this equation is squared, the result is an equation of the unit circle.
x2+y2=1
Consider an angle « in standard position, shown above. Let P(x, y) be the
point of intersection of its terminal side with the unit circle. The radian measure
of an angle in standard position is defined as the length of the corresponding arc

on the unit circle. Thus, the measure of angle « is s radians. Since C = 27, a full
revolution correponds to an angle of 277 (1) or 27 radians.

There is an important relationship between radian and degree measure. Since
an angle of one complete revolution can be represented either by 360° or by

2ar radians, 360° = 27 radians. Thus, 180° = « radians, and 90° = % radians.
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The following formulas relate degree and radian measures.

Degr‘e_e/ 1 radian = 180 degrees or about 57.3°
Radian 77
Conversion 7 . .
Formulas 1 degree = 75 radians or about 0.017 radian

Angles expressed in radians are often written in terms of 7. The term radians
is also usually omitted when writing angle measures. However, the degree symbol
is always used in this book to express the measure of angles in degrees.

Example o a. Change 330° to radian measure in terms of .

You may want to
memorize these
radian measures
and their degree
equivalents to
simplify your work
in trigonometry.

330° = 330° X

_ 117

27 _ 2m
373
= 120°

_T
180°

I radian =

I degree =

™

180°

b. Change ZTW radians to degree measure.
180°

Angles whose measures are multiples of 30° and 45° are commonly used in

Multiples of 30° and g

2w

w

2

wly

Multiples of 45° and 7

These equivalent values are summarized in the chart below.

trigonometry. These angle measures correspond to radian measures of % and %,
respectively. The diagrams below can help you make these conversions mentally.

Degrees | 0| 30 | 45 | 60 | 90 | 120 [135 150 | 180 |210 | 225 |240 | 270 | 300 |315 | 330
Radians 0| 7= | = | @ | ™ |27 | 37 | 57 7w | 5m | 4w | 3w | 5w | 7w | 1w
6 | 4 3 2 3 4 |6 | T |6 | 4 3 2 3 4 6

You can use reference angles and the unit circle to determine trigonometric
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values for angle measures expressed as radians.




Example 9 Evaluate cos .

Look Back

You can refer to
Lesson 5-3 to review
reference angles
and unit circles used
to determine values
of frigonometric
functions.

3

The reference angle for 4?” is 4% — a7 or % y

Since % = 60°, the terminal side of the angle i
intersects the unit circle at a point with

1 V3

coordinates of <— T)

Because the terminal side of this angle is in the
third quadrant, both coordinates are negative. The
. . . . 1
point of intersection has coordinates ( o —%)
1

41
Therefore, cos ENE

Radian measure can be used to find the

D
length of a circular arc. A circular arc is a part B
of a circle. The arc is often defined by the A C
central angle that intercepts it. A central angle
of a circle is an angle whose vertex lies at the
center of the circle.

If two central angles in different circles are congruent, the ratio of the lengths
of their intercepted arcs is equal to the ratio of the measures of their radii.

mAB _ OA
mcp  QC

Let O be the center of two concentric circles, let
r be the measure of the radius of the larger circle, w
and let the smaller circle be a unit circle. A central
angle of 0 radians is drawn in the two circles that ﬁ s
intercept RT on ‘the unit circle and SV SW on the other Q
circle. Suppose SW is s units long. RT is 0 units long s
since it is an arc of a unit circle intercepted by a
central angle of 6 radians. Thus, we can write the

following proportion.

For example, given circles O and Q, if 20 = 2 Q, then

We say that an arc
S T ors=ro subtends its central
o 1 angle.

Length of
an Arc

The length of any circular arc s is equal to the product of the measure of
the radius of the circle r and the radian measure of the central angle 6
that it subtends.

s=r
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Example

Example
ol Wo,
Q_Q

v

0/7 ° 9\

D(:co‘\

e Given a central angle of 128°, find the length of its intercepted arc in a
circle of radius 5 centimeters. Round to the nearest tenth.

First, convert the measure of the central angle from degrees to radians.

o __ o ™ e L
128° = 128° X 130° I degree = 780 .
_32_ 32w
~ 57 45
Then, find the length of the arc.
s=r0
327 B 32
s = 5( ) r=250= 45

s =~ 11.17010721 Use a calculator.

The length of the arc is about 11.2 centimeters.

You can use radians to compute distances between two cities that lie on the
same longitude line.

Winnipeg

' Dallas
/)

O GEOGRAPHY Winnipeg, Manitoba,
Canada, and Dallas, Texas, lie along the
97° W longitude line. The latitude of
Winnipeg is 50° N, and the latitude of
Dallas is 33° N. The radius of Earth is about
3960 miles. Find the approximate distance
between the two cities.

Equator

The length of the arc between Dallas and Winnipeg is the distance
between the two cities. The measure of the central angle
subtended by this arc is 50° — 33° or 17°.

o __ o 7T — L
17° =17° X 180° I degree = 780
_1in
180
s=rb
_ 177 _ _I7m
3960( 180) r= 3960, 6 = 180

s = 1174.955652  Use a calculator.

The distance between the two cities is about 1175 miles.

A sector of a circle is a region bounded by a central
angle and the intercepted arc. For example, the shaded
portion in the figure is a sector of circle O. The ratio of
the area of a sector to the area of a circle is equal to the
ratio of its arc length to the circumference.
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Let A represent the area of the sector.

A _ length of RTS
g = —=

Y 2’7Tr
AZ =2 The length of RTS is r6.
ar 2mr

A= %rZB Solve for A.

If 6is the measure of the central angle expressed in radians and ris the

Area of a measure of the radius of the circle, then the area of the sector, A4, is as
Circular follows.
Sector
A= %reo

Examples 9 Find the area of a sector if the central angle measures 5% radians and the
i radius of the circle is 16 centimeters. Round to the nearest tenth.

A= —r29 Formula for the area of a circular sector “
5 S5
— Leen (2™ _ _
A 2(16 )( 6 ) =16, 0 = 6

A = 335.1032164 Use a calculator.

The area of the sector is about 335.1 square centimeters.

O BUSINESS Refer to the application at the beginning of the lesson. How

o\ Wo, : much fabric of each color will Ms. Putiwuthigool need to complete the
‘@ | order?
L] [ ]
A &£ There are 27 radians in a complete circle and 8 equal sections or sectors in

K\
“ijcd the umbrella. Therefore, the measure of each central angle is 2?77 or % radians.

If the diameter of the circle is 2 meters, the radius is 1 meter. Use these values
to find the area of each sector.

_1,
A—2r0

— L™ R

A—2(1)<4> r—],6)74

A =~ 0.3926990817 Use a calculator.

Since there are 3 dozen or 36 umbrellas, multiply the area of each sector by 36.
Ms. Putiwuthigool needs about 14.1 square meters of each color of fabric. 7his

assumes that the pieces can be cut with no waste and that no extra material is
needed for overlapping.

CHECK FOR UNDERSTANDING 7

Communicating Read and study the lesson to answer each question.

Mathematics 1. Draw a unit circle and a central angle with a measure of %TW radians.

2. Describe the angle formed by the hands of a clock at 3:00 in terms of degrees and
radians.
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Guided Practice

3. Explain how you could find the radian measure of a central angle subtended by
an arc that is 10 inches long in a circle with a radius of 8 inches.

4. Demonstrate that if the radius of a circle is doubled and the measure of a
central angle remains the same, the length of the arc is doubled and the area
of the sector is quadrupled.

Change each degree measure to radian measure in terms of 7.
5. 240° 6. 570°

Change each radian measure to degree measure. Round to the nearest tenth, if

necessary.
7.%7 8. —1.75
2
Evaluate each expression.
. 37 117
9. sin Ve 10. tan 6

Given the measurement of a central angle, find the length of its intercepted arc
in a circle of radius 15 inches. Round to the nearest tenth.
57

’I’I.? 12. 77

Find the area of each sector given its central angle 8 and the radius of the circle.
Round to the nearest tenth.
13.0= 2T r=14 14.0=54°r =6
15. Physics A pendulum with length of 1.4 meters swings through an angle of 30°.
How far does the bob at the end of the pendulum travel as it goes from left
to right?

E XERCISES

Practice
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Change each degree measure to radian measure in terms of 7.
16. 135° 17. 210° 18. 300°
19. —450° 20. —75° 21. 1250°

Change each radian measure to degree measure. Round to the nearest tenth, if
necessary.

s 117

22. T 23. 5 24. 17
ar

25. -3.5 26. “62 27.175
Evaluate each expression.

- T 5m
28. sin 3 29. tan 6 30. cos 4

e 147 197
31. sin 6 32. tan 5 33. cos( . )

[ ]
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Given the measurement of a central angle, find the length of its intercepted arc
in a circle of radius 14 centimeters. Round to the nearest tenth.

2 5 .
34. %7 35. 27 36. 150
37.282° 38, 3{—717 39. 320°

40. The diameter of a circle is 22 inches. If a central angle measures 78°, find the
length of the intercepted arc.

41. An arc is 70.7 meters long and is intercepted by a central angle of %T radians.
Find the diameter of the circle.

42. An arc is 14.2 centimeters long and is intercepted by a central angle of 60°.
What is the radius of the circle?

Find the area of each sector given its central angle 6 and the radius of the circle.
Round to the nearest tenth.

43.9=%,r=10 a4. 0 =90°, r = 22 45.0=%,r=7
a6.0 =7 r=125 47.0=225°,r=6 48.0=82°,r=13

49. A sector has arc length of 6 feet and central angle of 1.2 radians.
a. Find the radius of the circle.
b. Find the area of the sector.

50. A sector has a central angle of 135° and arc length of 114 millimeters.
a. Find the radius of the circle.
b. Find the area of the sector.

51. A sector has area of 15 square inches and central angle of 0.2 radians.
a. Find the radius of the circle.
b. Find the arc length of the sector.

52. A sector has area of 15.3 square meters. The radius of the circle is 3 meters.
a. Find the radian measure of the central angle.
b. Find the degree measure of the central angle.
c. Find the arc length of the sector.

Applications 53. Mechanics A wheel has a radius of 2 feet. As
and Problem it turns, a cable connected to a box winds onto 225 2 ft
Solving the wheel.
L Wo, a. How far does the box move if the wheel
?Q‘f turns 225° in a counterclockwise direction?
Ry b. Find the number of degrees the wheel must be

rotated to move the box 5 feet.

54. Critical Thinking Two gears are interconnected. The smaller gear has a radius
of 2 inches, and the larger gear has a radius of 8 inches. The smaller gear rotates
330°. Through how many radians does the larger gear rotate?

55. Physics A pendulum is 22.9 centimeters long, and the bob at the end of the
pendulum travels 10.5 centimeters. Find the degree measure of the angle
through which the pendulum swings.
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Mixed Review

56.

59.

60.

61.

62.

63.

Geography Minneapolis, Minnesota; Arkadelphia, Arkansas; and Alexandria,
Louisiana lie on the same longitude line. The latitude of Minneapolis is 45° N,
the latitude of Arkadelphia is 34° N, and the latitude of Alexandria is 31° N. The
radius of Earth is about 3960 miles.

a. Find the approximate distance between Minneapolis and Arkadelphia.
b. What is the approximate distance between Minneapolis and Alexandria?

c. Find the approximate distance between Arkadelphia and Alexandria.

57. Civil Engineering The figure below shows a stretch of roadway where
the curves are arcs of circles.

0.70 mi D

J="

"84.5°
\

Find the length of the road from point A to point E.

58. Mechanics A single pulley is being used to pull up a
weight. Suppose the diameter of the pulley is 2% feet.

a. How far will the weight rise if the pulley turns 1.5 rotations?
b. Find the ?umber of degrees the pulley must be rotated to raise the
weight 45 feet.

Pet Care A rectangular house is 33 feet by 47 feet.

A dog is placed on a leash that is connected to a pole

at the corner of the house.

a. If the leash is 15 feet long, find the area the dog has
to play.

b. If the owner wants the dog to have 750 square feet
to play, how long should the owner make the leash?

Biking Rafael rides his bike 3.5 kilometers. If the radius of the tire on his bike
is 32 centimeters, determine the number of radians that a spot on the tire will
travel during the trip.

Critical Thinking A segment of a circle is the region

bounded by an arc and its chord. Consider any minor

arc. If « is the radian measure of the central angle and ris A
the radius of the circle, write a formula for the area of the

segment.

The lengths of the sides of a triangle are 6 inches, 8 inches, and 12 inches. Find
the area of the triangle. (Lesson 5-8)

Determine the number of possible solutions of AABCif A = 152°, b = 12, and
a = 10.2. If solutions exist, solve the triangle. (Lesson 5-7)
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64. Surveying Two surveyors are determining
measurements to be used to build a bridge across a
canyon. The two surveyors stand 560 yards apart on
one side of the canyon and sight a marker C on the
other side of the canyon at angles of 27° and 38°. Find
the length of the bridge if it is built through point C as
shown. (Lesson 5-6)

65. Suppose 0 is an angle in standard position and
tan 6 > 0. State the quadrants in which the terminal
side of 0 can lie. (Lesson 5-3)

66. Population The population for Forsythe County, Georgia, has experienced
significant growth in recent years. (Lesson 4-8)

Year 1970 1980 1990 1998
Population | 17,000 28,000 44,000 86,000

Source: U.S. Census Bureau

a. Write a model that relates the population of Forsythe County as a function of
the number of years since 1970.

b. Use the model to predict the population in the year 2020.

67. Use the Upper Bound Theorem to find an integral upper bound and
the Lower Bound Theorem to find a lower bound of the zeros of
f(x) = x* — 3x3 — 2x2 + 6x + 10. (Lesson 4-5)

68. Use synthetic division to determine if x + 2 is a factor of x3 + 6x2 + 12x + 12.
Explain. (Lesson 4-3)

69. Determine whether the graph of x2 + y2 = 16 is symmetric with respect to the
x-axis, the y-axis, the line y = x, or the liney = —x. (Lesson 3-1)

70. Solve the system of equations algebraically. (Lesson 2-2)
4x — 2y + 3z = —6
3x+ 3y —2z=2
5x —4y —3z=-75

71. Which scatter plot shows data that has a strongly positive correlation?
(Lesson 1-6)

b. d.

72. SAT Practice If p > 0 and ¢ < 0, which quantity must be positive?

Ap+gqg
Bp—gq
Cqg-p
DpXgqg
Ep+g

Extra Practice See p. A36. ) Lesson 6-1 Angles and Radian Measure 351




Linear and Angular Velocity

\W 0000000000000 000000000000 0000000000000000000000000000000000000000000000000CCC
. FingliEnc:’!YE:nd & G ENTERTAINMENT The Children’s Museum

angular velocity. in Indianapolis, Indiana, houses an antique

V. <

“plico®®  carousel. The carousel contains three
concentric circles of animals. The inner circle of animals is
approximately 11 feet from the center, and the outer circle ®~"
of animals is approximately 20 feet from the center. The

carousel makes 2i rotations per minute. Determine

the angular and linear velocities of someone riding an animal

in the inner circle and of someone riding an animal in the same row
in the outer circle. This problem will be solved in Examples 3 and 5.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

The carousel is a circular object that turns about an axis through its center.
Other examples of objects that rotate about a central axis include Ferris wheels,
gears, tires, and compact discs. As the carousel or any other circular object
rotates counterclockwise about its center, an object at the edge moves through
an angle relative to its starting position known as the angular displacement, or
angle of rotation.

Consider a circle with its center at the origin of y
a rectangular coordinate system and point B on
the circle rotating counterclockwise. Let the positive
x-axis, or OA, be the initial side of the central angle. f\g A
The terminal side of the central angle is OB. The <10 X
angular displacement is 6. The measure of 6§ changes J
as B moves around the circle. All points on OB move B
through the same angle per unit of time.

Example o Determine the angular displacement in radians of 4.5 revolutions. Round to
the nearest tenth.

Each revolution equals 27 radians. For 4.5 revolutions, the number of radians
is 4.5 X 27r or 97. 97r radians equals about 28.3 radians.

The ratio of the change in the central angle to the time required for the
change is known as angular velocity. Angular velocity is usually represented by
the lowercase Greek letter w (omega).

If an object moves along a circle during a time of ¢ units, then the angular

Angular velocity, w, is given by
0

Velocity ©="7

where 6 is the angular displacement in radians.
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Notice that the angular velocity of a point on a rotating object is not
dependent upon the distance from the center of the rotating object.

Example e Determine the angular velocity if 7.3 revolutions are completed in
i 5 seconds. Round to the nearest tenth.

The angular displacement is 7.3 X 277 or 14.6 7 radians.

o=t
t

14'56” 9= 146m t=5

w = 9.173450548 Use a calculator.

w =

The angular velocity is about 9.2 radians per second.

To avoid mistakes when computing with units of measure, you can use a
procedure called dimensional analysis. In dimensional analyses, unit labels are
treated as mathematical factors and can be divided out.

Example e ENTERTAINMENT Refer to the application at the beginning of the lesson.

o\ Wo Determine the angular velocity for each rider in radians per second.
7 (A

o o The carousel makes 2% or 2.625 revolutions per minute. Convert revolutions
A o per minute to radians per second.

Dljcod
2.625 revelutions x 1 minute % 2 radians

rr— 60 seconds 1 revoration ~ (.275 radian per second

Each rider has an angular velocity of about 0.275 radian per second.

The carousel riders have the same angular velocity. However, the rider in the
outer circle must travel a greater distance than the one in the inner circle. The
arc length formula can be used to find the relationship between the linear and
angular velocities of an object moving in a circular path. If the object moves with
constant linear velocity (v) for a period of time (¢), the distance (s) it travels is

given by the formula s = vt. Thus, the linear velocity is v = %

As the object moves along the circular path, the radius r forms a central angle
of measure 6. Since the length of the arc is s = r6, the following is true.

s=rb

% = If_’ Divide each side by t.

>

v=r7 Replace *;* with v.

If an object moves along a circle of radius of r units, then its linear velocity,

Linear vis given by 0
Velocity v=res

where % represents the angular velocity in radians per unit of time.

www.amc.glencoe.com/self_check_quiz ; lesson 6-2 Linear and Angular Velocity 353
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. 0 . . .
Since w = T the formula for linear velocity can also be written as v = rw.

Examples Q Determine the linear velocity of a point rotating at an angular velocity of

\ W,
2l O

SR
n

Olico”

oL R
n

Dljc ok

177 radians per second at a distance of 5 centimeters from the center of the
rotating object. Round to the nearest tenth.

V=rw
v =5(7m) r=5w=17r
v = 267.0353756 Use a calculator.

The linear velocity is about 267.0 centimeters per second.

© ENTERTAINMENT  Refer to the application at the beginning of the lesson.

Determine the linear velocity for each rider.

From Example 3, you know that the angular velocity is about 0.275 radian per
second. Use this number to find the linear velocity for each rider.

.mm’_“

Rider on the Inner Circle

UV=rw
v=1100.275) r=11, 0= 0.275 = o el =Y
U= 3025 -~ - 1‘_ e J
L)
Rider on the Outer Circle
UV=rw
v=2000.275) r=200=0275
v=055

The linear velocity of the rider on the inner circle is about 3.025 feet per
second, and the linear velocity of the rider on the outer circle is about 5.5 feet
per second.

e CAR RACING The tires on a race car have a diameter of 30 inches. If the

tires are turning at a rate of 2000 revolutions per minute, determine the
race car’s speed in miles per hour (mph).

If the diameter is 30 inches, the radius is % X 30 or 15 inches. This measure
needs to be written in miles. The rate needs to be written in hours.

v = r X w
l B 18 _ 1mi _ 2000rev . 27 _ 60.min
v =150 X 155 X 5o80 X Lmin < Trev X 1h

v = 178.4995826 mph Use a calculator.

The speed of the race car is about 178.5 miles per hour.
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CHECK FOR UNDERSTANDING

Communicating
Mathematics

Guided Practice

Read and study the lesson to answer each question.

1. Draw a circle and represent an angular displacement of 37 radians.

2. Write an expression that could be used to change 5 revolutions per minute to
radians per second.

3. Compare and contrast linear and angular velocity.

4. Explain how two people on a rotating carousel can have the same angular
velocity but different linear velocity.

5. Show that when the radius of a circle is doubled, the angular velocity remains
the same and the linear velocity of a point on the circle is doubled.

Determine each angular displacement in radians. Round to the nearest tenth.

6. 5.8 revolutions 7. 710 revolutions

Determine each angular velocity. Round to the nearest tenth.

8. 3.2 revolutions in 7 seconds 9. 700 revolutions in 15 minutes

Determine the linear velocity of a point rotating at the given angular velocity at a
distance r from the center of the rotating object. Round to the nearest tenth.

10. w = 36 radians per second, r = 12 inches

11. w = 57 radians per minute, r = 7 meters

12. Space A geosynchronous equatorial orbiting (GEO) satellite orbits 22,300
miles above the equator of Earth. It completes one full revolution each 24 hours.
Assume Earth’s radius is 3960 miles.

a. How far will the GEO satellite travel in one day?
b. What is the satellite’s linear velocity in miles per hour?

E XERCISES

Practice Determine each angular displacement in radians. Round to the nearest tenth.

13. 3 revolutions 14. 2.7 revolutions

15. 13.2 revolutions 16. 15.4 revolutions

17. 60.7 revolutions 18. 3900 revolutions

Determine each angular velocity. Round to the nearest tenth.

19. 1.8 revolutions in 9 seconds 20. 3.5 revolutions in 3 minutes

21. 17.2 revolutions in 12 seconds 22. 28.4 revolutions in 19 seconds

23. 100 revolutions in 16 minutes 24. 122.6 revolutions in 27 minutes

25. A Ferris wheel rotates one revolution every 50 seconds. What is its angular
velocity in radians per second?

26. A clothes dryer is rotating at 500 revolutions per minute. Determine its angular
velocity in radians per second.
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Applications
and Problem
Solving

o\ Wo
E

V. <
'O
“Dlica

27

. Change 85 radians per second to revolutions per minute (rpm).

Determine the linear velocity of a point rotating at the given angular velocity at a
distance r from the center of the rotating object. Round to the nearest tenth.

28

29.
30.
31.
32.
33.

34.

35.

36.

37.

. w = 16.6 radians per second, r = 8 centimeters
w = 274 radians per second, r = 4 feet

o = 6.17r radians per minute, r = 1.8 meters

o = 75.37 radians per second, r = 17 inches

o = 805.6 radians per minute, r = 39 inches

o = 64.57 radians per minute, r = 88.9 millimeters

A pulley is turned 120° per second.
a. Find the number of revolutions per minute (rpm).

b. If the radius of the pulley is 5 inches, find the linear velocity in inches
per second.

Consider the tip of each hand of a clock. Find the linear velocity in millimeters
per second for each hand.

a. second hand which is 30 millimeters
b. minute hand which is 27 millimeters long
c. hour hand which is 18 millimeters long

Entertainment The diameter of a Ferris wheel is 80 feet.

a. If the Ferris wheel makes one revolution every 45 seconds, find the linear
velocity of a person riding in the Ferris wheel.

b. Suppose the linear velocity of a person riding in the Ferris wheel is 8 feet per
second. What is the time for one revolution of the Ferris wheel?

Entertainment The Kit Carson County Carousel makes 3 revolutions per minute.

a. Find the linear velocity in feet per second of someone riding a horse that is
22% feet from the center.

b. The linear velocity of the person on the inside of the carousel is 3.1 feet per
second. How far is the person from the center of the carousel?

c. How much faster is the rider on the outside going than the rider on the
inside?

38. Critical Thinking Two children are playing on the seesaw. The
lighter child is 9 feet from the fulcrum, and the heavier child is 6 feet
from the fulcrum. As the lighter child goes from the ground to

the highest point, she travels through an angle of 35° in % second.

a. Find the angular velocity of each child.
b. What is the linear velocity of each child?

39. Bicycling A bicycle wheel is 30 inches in diameter.

a. To the nearest revolution, how many times will the wheel turn if
the bicycle is ridden for 3 miles?

o

. Suppose the wheel turns at a constant rate of 2.75 revolutions per
second. What is the linear speed in miles per hour of a point on
the tire?
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about the other
planets, visit
www.amc.

glencoe.com

O—/

Mixed Review

40.

41.

42.

43.

44,

45,

Space The radii and times
needed to complete one

rotation for the four planets
closest to the sun are given

Planets

at the right. Radius Time for One
. . . (kilometers) Rotation (hours)
a. Find the linear velocity of
a point on each planet’s Mercury 2440 1407.6
equator' Venus 6052 5832.5
b. Compare the linear Earth 6356 23.935
velocity of a point on the Mars 3375 24.623
equator of Mars with a Source: NASA
point on the equator of
Earth.
Physics A torsion pendulum is an object suspended by ‘ . )

a wire or rod so that its plane of rotation is horizontal
and it rotates back and forth around the wire without
losing energy. Suppose that the pendulum is rotated

6, radians and released. Then the angular displacement
6 at time ¢is 6 = 6, cos wt, where o is the angular
frequency in radians per second. Suppose the angular
frequency of a certain torsion pendulum is 7 radians per

second and its initial rotation is y radians.

a. Write the equation for the angular displacement of the pendulum.

b. What are the first two values of ¢ for which the angular displacement of the
pendulum is 0?

T~ 7

Space Low Earth orbiting (LEO) satellites orbit between 200 and 500 miles
above Earth. In order to keep the satellites at a constant distance from Earth,
they must maintain a speed of 17,000 miles per hour. Assume Earth’s radius is
3960 miles.
a. Find the angular velocity needed to maintain a LEO satellite at 200 miles
above Earth.
b. How far above Earth is a LEO with an angular velocity of 4 radians
per hour?

c. Describe the angular velocity of any LEO satellite.

Critical Thinking The figure at the right is a

side view of three rollers that are tangent to one

another.

a. If roller A turns counterclockwise, in which
directions do rollers B and C turn?

b. If roller A turns at 120 revolutions per
minute, how many revolutions per minute do
rollers B and C turn?

@ 2.0cm

Find the area of a sector if the central angle measures 105° and the radius of the
circle is 7.2 centimeters. (Lesson 6-1)

Geometry Find the area of a regular pentagon that is inscribed in a circle with
a diameter of 7.3 centimeters. (Lesson 54)

Extra Practice See p. A36.
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46. Write 35° 20’ 55" as a decimal to the nearest thousandth. (Lesson 5-1)
47.Solve 10 + V' k — 5 = 8. (Lesson 4-7)

48. Write a polynomial equation of least degree with roots —4, 3i, and —3i.
(Lesson 4-1)

49. Graph y > x3 + 1. (Lesson 3-3)

50. Write the slope-intercept form of the equation of the line through points at
(8,5) and (—6, 0). (Lesson 14)

51. SAT/ACT P%actice The perimeter of rectangle QRST is T b S
p, and a = 4 b. Find the value of b in terms of p. a a

P 4p 7 2p ip
A7 B €5 D= £y Q b A

CAREER CHOICES

Is music your forte? CAREER OVERVIEW

Do you enjoy being Degree Preferred:

IO U two- or four-year degree in audio engineerin
problems? If you Y 8 g g

answered yes to Related Courses:

these questions, you mathematics, music, computer science,
may want to consider electronics
a career as an audio
recording engineer. This Outlook:
type of engineer is in number of jobs expected to increase at a
charge of all the technical slower pace than the average through the

aspects of recording music, speech, sound year 2006
effects, and dialogue.

Some aspects of the career include
controlling the recording equipment,
tackling technical problems that arise I
during recording, and communicating with Decibels
musicians and music producers. You would Threshold of Hearing 0
need to keep up-to-date on the latest Average Whisper (4 feet) 20
recording equipment and technology. The Broadcast Studio (no program in progress) 30
music producer may direct the sounds you Soft Recorded Music 36
produce through use of the equipment, or i) GO nigEElen (FiE2) o
you may have the opportunity to design and Moderate Discotheque 9%

. Personal Stereo up to 120
perfect your own sounds for use in Porcussion Instruments
production. at a Symphony Concert up to 130
Rock Concert up to 140

For more information about audio recording engineering visit: www.amc.glencoe.com O

L]
INLerN
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OBJECTIVE
* Use the graphs
of the sine and
cosine functions.

Graphing Sine and
Cosine Functions

©00000000000000000000000000000000000000000000000000000000000000000000000000000

o\ Wo,
% % METEOROLOGY The average monthly temperatures for a city
<

demonstrate a repetitious behavior. For cities in the Northern

0 O .
©lico®  Hemisphere, the average monthly temperatures are usually lowest

in January and highest in July. The graph below shows the average monthly
temperatures (°F) for Baltimore, Maryland, and Asheville, North Carolina, with
January represented by 1.

3({-- . Baltimore

7071

60 T

Temperature 50 T
G
30T

20T

1071

Asheville

O 2 4 6 8 10 12 14 16 18 20 22 o4t

Model for Baltimore's temperature: y = 54.4 + 22.5 sin [Z(f - 4)]

Model for Asheville's temperature:  y = 54.5 + 18.5 sin [%(t - 4)]

In these equations, t denotes the month with January represented by = 1.
What is the average temperature for each city for month 132

Which city has the greater fluctuation in temperature?

These problems will be solved in Example 5.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Each year, the graph for Baltimore will be about the same. This is also true
for Asheville. If the values of a function are the same for each given interval of the
domain (in this case, 12 months or 1 year), the function is said to be periodic.
The interval is the period of the function.

Periodic
Function and
Period

A function is periodic if, for some real number «, f(x + a) = f(x) for each x
in the domain of f.

The least positive value of « for which f(x) = f(x + «) is the period of the
function.
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Example o Determine if each function is periodic. If so, state the period.

a. The values of the function repeat for
each interval of 4 units. The function is
periodic, and the period is 4.
b. The values of the function do not repeat.
4: The function is not periodic.
|

...................................................................... @
Consider the sine function. First evaluate y = sin x for domain values
between —27 and 27 in multiples of %
ol M| 3m| Sm| | 3w | m| 7T || 7| 7| 37T sm | 37| 7™ |,
x T T4 2| 4|77 4 2| 4 4 | 2| 4 |"| 4 | 2| 4 |7
sinx| 0 | V2| 1 [ N2 | o |_V2 | |_V2 o V2| g | V2 ||l V2| 4 |_V2|,
2 2 2 2 2 2 2 2
To graph y = sin x, plot the coordinate pairs from the table and connect them
to form a smooth curve. Notice that the range values for the domain interval
—2m < x < 0 (shown in red) repeat for the domain interval between 0 < x < 27
(shown in blue). The sine function is a periodic function.
= si y
=S8sinx
k\ |
/2# ' - ' o ' 7\/77){
_1 +
By studying the graph and its repeating pattern, you can determine the
following properties of the graph of the sine function.
1. The period is 2.
2. The domain is the set of real numbers.
3. The range is the set of real numbers between —1 and 1, inclusive.
Properties 4. The x-intercepts are located at 7n, where n is an integer.
of the Graph 5. The y-intercept is O.
of y = sin x 6. The maximum values are y = 1 and occur when x = % + 2mn,
where nis an integer. 3
7. The minimum values are y = —1 and occur when x = 2~ + 2mn,

. ) 2
where nis an Integer.
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Examples 9 Find sm - by referring to the graph of the sine functlon

97
Because the period of the sine function is 27 and LU 27, rewrite —— as a sum

2
involving 2.
9 T
5 = 4 + 2

=27(2) + g This is a form of% + 2mn.

97 7w
So, sin > —sm20r1.

e Find the values of 6 for which sin 6 = 0 is true.

Since sin # = 0 indicates the x-intercepts of the function, sin 6 = 0 if 6 = nr,
where n is any integer.

0 Graph y = sin x for 37 = x < 5.

The graph crosses the x-axis at 3, 47, and 5. It has its maximum value

97 T
of l atx = EX and its minimum value of —1 at x = ER
Use this information to sketch the graph.

e METEOROLOGY Refer to the application at the beginning of the lesson.

Q_o°\ WO% i a. What is the average temperature for each city for month 13?
N o Month 13 is January of the second year. To find the average temperature of
A ,{\oc this month, substitute this value into each equation.
Dljicd
'c Baltimore Asheville
y =54.4 + 225 sin [% (t — 4)] y = 54.5 + 185 sin [% (t — 4)]
y =544 + 225 sin [g (13 - 4)] y =545 + 18,5 sin [g (13 - 4)]
y=544+225sin>  y =545+ 185sin
y =544+ 225(-1) y =545+ 18.5(—-1)
y =319 y = 36.0

In January, the average temperature for Baltimore is 31.9°, and
the average temperature for Asheville is 36.0°.

b. Which city has the greater fluctuation in temperature?
Explain.
The average temperature for January is lower in Baltimore
than in Asheville. The average temperature for July is higher in
Baltimore than in Asheville. Therefore, there is a greater
fluctuation in temperature in Baltimore than in Asheville.




Now, consider the graph of y = cos x.

_2_7_77_3_77_5_77_ _3_77_1_10113_77 5_773_7"7_772
x T\ T4 T2 A | T a2 s 4 |24 |"| 4 | 2|4 |7
cosx]ﬁo_ﬁ_]_ﬁoﬁ]ﬁo_ﬁ_]_ﬁoﬁ]
2 2 2 2 2 2 2 2
¥y = oS X /
—2m \7/ o \7/ 2mX
_1 +
By studying the graph and its repeating pattern, you can determine the
following properties of the graph of the cosine function.
1. The period is 2.
2. The domain is the set of real numbers.
3. The range is the set of real numbers between —1 and 1, inclusive.
Properties 4. The x-intercepts are located at % + mn, where n is an integer.
of the Graph 5. The y-intercept is 1.
of y = cos x 6. The maximum values are y = 1 and occur when x = 7n, where nis an
even integer.
7. The minimum values are y = —1 and occur when x = 7rn, where n is an
odd integer.

Example O Determine whether the graph represents y = sin x, y = cos x, or neither.

The maximum value of 1 occurs when x = —87. maximum of 1 when
X = TN — COS X

The minimum value of —1 occurs at —97 and —7#«. minimum of —1 when
X = TN — COS X

The x-intercepts are —17?# and —ISTW.

These are characteristics of the cosine function. The graph is y = cos x.




CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Counterexample Sketch the graph of a periodic function that is neither the
sine nor cosine function. State the period of the function.

2. Name three values of x that would result in the maximum value for y = sin x.
3. Explain why the cosine function is a periodic function.

4. Math Journal Draw the graphs for the sine function and the cosine function.
Compare and contrast the two graphs.

Guided Practice 5. Determine if the function is periodic. If so, state
the period.

Find each value by referring to the graph of the sine or the cosine function.

T .57
6. cos <—2> 7. sin 5
8. Find the values of 0 for which sin § = —1 is true.

Graph each function for the given interval.
9.y=cosx,bmr=x=Tmw 10.y =sinx, " 4dr=x = —27

11. Determine whether the graph represents
y = sin x, y = cos Xx, or neither. Explain.

12. Meteorology The equation y = 49 + 28 sin [% (t— 4)] models the average

monthly temperature for Omaha, Nebraska. In this equation, ¢ denotes
the number of months with January represented by 1. Compare the average
monthly temperature for April and October.

E XERCISES
Practice Determine if each function is periodic. If so state the period.
13. y 14. Y 15. y
41 —o 1
QO 6 1 —o
2 2+ e—o 41
J 1 : : :
—4 + L e e B I S s
Oy "2 4 6 8 x 0] 20 4 60«
16.y =|x + 5/ 17.y = x2 18.y=%
! www.amc.glencoe.com/self_check_quiz Lesson 6-3  Graphing Sine and Cosine Functions 363
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Graphing
Calculator

=

Find each value by referring to the graph of the sine or the cosine function.

19. cos 8 20. sin 117 21. cosg
. 37 .1
22. sin <—7> 23. sin > 24. cos (—3m)

25. What is the value of sin 7 + cos 7?

26. Find the value of sin 27 — cos 2.

Find the values of @ for which each equation is true.
27.cos 0 = —1 28.sinh =1 29.cos =0

30. Under what conditions does cos 6§ = 1?

Graph each function for the given interval.

31.y =sinx, -5mr=x= —37 32.y=cosx,8m=x =107
. 9 13

33.y =cosx, —dm=x= 37 34.y=smx,7§x§T

35.y = cosx, T =x= -1 36.y = sinx, - =x=11"

38. ! 39 y
1
ANYA 2 S\ ,\ / N\,
5 6 X S —— -7 - -5 Ox
y i oiy = 8m 9« X i 4

40. Describe a transformation that would change the graph of the sine function to
the graph of the cosine function.

41. Name any lines of symmetry for the graph of y = sin x.
42. Name any lines of symmetry for the graph of y = cos x.

43. Use the graph of the sine function to find the values of 6 for which each
statement is true.
a.csch=1 b.csc6 = —1 c. csc 6 is undefined.
44. Use the graph of the cosine function to find the values of 6 for which each
statement is true.

a.sech =1 b.secf = —1 c. sec 0 is undefined.

Use a graphing calculator to graph the sine and cosine functions on the same set
of axes for O = x = 27. Use the graphs to find the values of x, if any, for which
each of the following is true.

45.sinx = —cos x 46. sinx = cos x
47.sin xcos x > 1 48. sinxcosx =0
49.sinx + cosx =1 50.sinx —cosx =0
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Applications 51. Meteorology The equationy = 43 + 31 sin [%(t - 4)] models the average

and Problem monthly temperatures for Minneapolis, Minnesota. In this equation, ¢ denotes

Solving the number of months with January represented by 1.
g a. What is the difference between the average monthly temperatures for July
'O _oc' and January? What is the relationship between this difference and the
Blico™

coefficient of the sine term?

b. What is the sum of the average monthly temperatures for July and January?
What is the relationship between this sum and value of constant term?

52. Critical Thinking Consider the graph of y = 2 sin x.

a
b
c
d
e
f.

. What are the x-intercepts of the graph?
. What is the maximum value of y?
. What is the minimum value of y?
. What is the period of the function?
. Graph the function.
How does the 2 in the equation affect the graph?

53. Medicine The equation P = 100 + 20 sin 27t
models a person’s blood pressure P in
millimeters of mercury. In this equation, ¢ is
time in seconds. The blood pressure oscillates
20 millimeters above and below 100 millimeters,
which means that the person’s blood pressure
is 120 over 80. This function has a period of
1 second, which means that the person’s heart
beats 60 times a minute.

a. Find the blood pressure at t = 0, t = 0.25,
t=0.5,t=0.75and t = 1.

b. During the first second, when was the blood
pressure at a maximum?

c. During the first second, when was the blood
pressure at a minimum?

54. Physics The motion of a weight on a
spring can be described by a modified
cosine function. The weight suspended
from a spring is at its equilibrium point
when it is at rest. When pushed a certain
distance above the equilibrium point, the
weight oscillates above and below the
equilibrium point. The time that it takes
for the weight to oscillate from the highest point to the lowest point and back to

the highest point is its period. The equation v = 3.5 cos (t \/% ) models the

vertical displacement v of the weight in relationship to the equilibrium point at
any time ¢ if it is initially pushed up 3.5 centimeters. In this equation, & is the
elasticity of the spring and m is the mass of the weight.

a. Suppose k = 19.6 and m = 1.99. Find the vertical displacement after
0.9 second and after 1.7 seconds.

b. When will the weight be at the equilibrium point for the first time?
c. How long will it take the weight to complete one period?
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55.

56.

Mixed Review 57.

58.
59.

60.

61.

62.

63.

64.

65.

66.

67.
68.

Critical Thinking Consider the graph of y = cos 2x.
a. What are the x-intercepts of the graph?

b. What is the maximum value of y?

c. What is the minimum value of y?

d. What is the period of the function?

e. Sketch the graph.

Ecology In predator-prey relationships, the number of animals in each
category tends to vary periodically. A certain region has pumas as predators
and deer as prey. The equation P = 500 + 200 sin [0.4(¢ — 2)] models the
number of pumas after ¢ years. The equation D = 1500 + 400 sin (0.4f) models
the number of deer after t years. How many pumas and deer will there be in the
region for each value of ¢?

a.t=0 b.t=10 c.t=25

Technology A computer CD-ROM is rotating at 500 revolutions per minute.
Write the angular velocity in radians per second. (Lesson 6-2)

Change —1.5 radians to degree measure. (Lesson 6-1)

o

Find the values of x in the interval 0° = x = 360° for which sin x =
(Lesson 5-5)

2 _ _x +x2+
x+2 2-x x-

Solve i (Lesson 4-6)

Find the number of possible positive real zeros and the number of negative
real zeros of f(x) = 2x> + 3x%2 — 11x — 6. Then determine the rational roots.
(Lesson 44)

Use the Remainder Theorem to find the remainder when x3 + 2x2 — 9x + 18
is divided by x — 1. State whether the binomial is a factor of the polynomial.
(Lesson 4-3)

Determine the equations of the vertical and horizontal asymptotes, if any, of

2
gx) = x2x—+x (Lesson 3-7)

Use the graph of the parent function f(x) = x3 to describe the graph of the
related function g(x) = —3x3. (Lesson 3-2)
-2 4 -1
Find the value of 1 -1 0|. (Lesson 2-5)
-3 4 5
Use a reflection matrix to find the coordinates of the vertices of AABC reflected
over the y-axis for vertices A (3, 2), B (2, —4), and C (1, 6). (Lesson 2-4)
Graph x = % y. (Lesson 1-3)
SAT/ACT Practice How much less is the perimeter R S 2 T
of square RSVW than the perimeter of rectangle
RTUW? 5
A 2 units B 4 units
C 9 units D 12 units
E 20 units w v v
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HISTORY

MATHEMATICS

FUNCTIONS

Mathematicians and statisticians use
functions to express relationships among
sets of numbers. When you use a
spreadsheet or a graphing
calculator, writing an expression
as a function is crucial for
calculating values in the
spreadsheet or for graphing

the function.

Early Evidence In about

2000 B.c., the Babylonians used
the idea of function in making
tables of values for n and n3 + n?,
forn =1, 2, ..., 30. Their work
indicated that they believed they could
show a correspondence between these
two sets of values. The following is an
example of a Babylonian table.

n nd + n?
2

2 12

30 2

The Renaissance In about 1637, René
Descartes may have been the first person to
use the term “function.” He defined a function
as a power of x, such as x2 or x3, where the
power was a positive integer. About 55 years
later, Gottfried von Leibniz defined a
function as anything that related to a curve,
such as a point on a curve or the slope of a
curve. In 1718, Johann Bernoulli thought

of a function as a relationship between a
variable and some constants. Later in that
same century, Leonhard Euler’s notion of a
function was an equation or formula with
variables and constants. Euler also expanded
the notion of function to include not only the
written expression, but the graphical
representation of the relationship as well.

He is credited with the modern standard
notation for function, f(x).

Johann Bernoulli

Modern Era The 1800s brought Joseph
Lagrange’s idea of function. He limited the
meaning of a function to a power series.
An example of a power series is
x + x2 + x3 + -+, where the three
dots indicate that the pattern
continues forever. In 1822, Jean
Fourier determined that any
function can be represented
by a trigonometric series.
Peter Gustav Dirichlet used
the terminology y is a function
of x to mean that each first
element in the set of ordered pairs
is different. Variations of his definition
can be found in mathematics textbooks
today, including this one.

Georg Cantor and others working in the
late 1800s and early 1900s are credited with
extending the concept of function from
ordered pairs of numbers to ordered pairs
of elements.

Today engineers like Julia Chang use
functions to calculate the efficiency of
equipment used in manufacturing. She also
uses functions to determine the amount of
hazardous chemicals generated during the
manufacturing process. She uses spreadsheets
to find many values of these functions.

( ACTIVITIES )

1. Make a table of values for the Babylonian
function, f(n) = n3 + n2. Use values of n
from 1 to 30, inclusive. Then, graph this
function using paper and pencil, graphing
software, or a graphing calculator.
Describe the graph.

2. Research other functions used by notable
mathematicians mentioned in this article.
You may choose to explore trigonometric
s.eries.

INLErNET

3. Find out more about
personalities referenced in this article and
others who contributed to the history of
functions. Visit www.amc.glencoe.com
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OBJECTIVES
e Find the
amplitude and
period for sine
and cosine
functions.

* Write equations
of sine and

Amplitude and Period of
Sine and Cosine Functions

©0000000000000000000000000000000000000000000000000000000000000000000000000000

o\ Wo,
“g> 2. BOATING A signal buoy between the coast of Hilton Head Island,

:7 ; South Carolina, and Savannah, Georgia, bobs up and down in a

“lico®®  minor squall. From the highest point to the lowest point, the buoy moves

a distance of 3% feet. It moves from its highest point down to its lowest point and

back to its highest point every 14 seconds. Find an equation of the motion for the
buoy assuming that it is at its equilibrium point at t = O and the buoy is on its way

cosine functions | down at that time. What is the height of the buoy at 8 seconds and at 17 seconds?
given the This problem will be solved in Example 5.

amplitude
and period.

Recall from Chapter 3 that changes to the equation of the parent graph can
affect the appearance of the graph by dilating, reflecting, and/or translating the
original graph. In this lesson, we will observe the vertical and horizontal
expanding and compressing of the parent graphs of the sine and cosine
functions.

Let’s consider an equation of the form y = A sin 6. We know that the
maximum absolute value of sin 6 is 1. Therefore, for every value of the product of
sin 0 and A, the maximum value of A sin 0 is |A [ Similarly, the maximum value
of A cos 0 is |A | . The absolute value of A is called the amplitude of the functions
y=Asinfandy = A cos 6.

Amplitude of
Sine and The amplitude of the functions y = A sin 9 and y = A cos 6 is the absolute
Cosine value of A, or |A].
Functions

The amplitude can also be described as y
the absolute value of one-half the difference
of the maximum and minimum function \ /
values. ;
[o] 0
A—-(—A
IEESSY / N4
_A..

amplitude = |Al

Example o a. State the amplitude for the function y = 4 cos 6.

b. Graph y = 4 cos 0 and y = cos 0 on the same set of axes.
c. Compare the graphs.

a. According to the definition of amplitude, the amplitude of y = A cos 6 is
|A | . So the amplitude of y = 4 cos 6 is |41 or 4.

368 Chapter 6 Graphs of Trigonometric Functions
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b. Make a table of values. Then graph the points and draw a smooth curve.

m m 3m Sm 3m | 7T |,

0 0 4 2 4 ™ 4 2 4 ™

s | 1 | M2 | o | M2 |_j_V2 | | V2o
2 2 2 2

4cosf | 4 2V2 0 |[-2V2 |-4[-2v2 | 0o | 2v2 | 4

|

<

I

=

o

o

(7]

5
=<
1
o
o
@

YQ\

c. The graphs cross the 6-axis at 6 = % and 6 = 3777 Also, both functions reach
their maximum value at 6 = 0 and § = 27 and their minimum value at § = .
But the maximum and minimum values of the function y = cos 6 are 1 and
—1, and the maximum and minimum values of the function y = 4 cos 0 are
4 and —4. The graph of y = 4 cos 6 is vertically expanded.

GRAPHING CALCULATOR EXPLORATION

» Select the radian mode. WHAT DO YOU THINK?
» Use the domain and range values below to 2. Describe the behavior of the graph of
set the viewing window. f(x) = sin kx, where k > 0, as k increases.
—4.7 < x = 4.8, Xscl: 1 -3 =y=3,VYscl:1
3. Make a conjecture about the behavior of
T UAlEE s the graph of f(x) = sin kx, if & < 0. Test

1. Graph each function on the same screen.
a.y=sinx b. y=sin2x c¢. y=sin3x

your conjecture.

Consider an equation of the form y = sin k6, where k& is any positive integer.
Since the period of the sine function is 27, the following identity can be
developed.

y = sin k6
y =sin (RO + 2m) Definition of periodic function

y=sink<0+27w) k(9+277—k<9+2;>

Thgrefore, the period of y = sin k0 is 2777 Similarly, the period of y = cos k6
a

1S T

Period of Sine 5
and Cosine The period of the functions y = sin k6 and y = cos k6 is =, where k > O.
Functions
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Example 9 a. State the period for the function y = cos %

b. Graph y = cos % and y = cos 6.

a. The definition of the period of y = cos k6 is 2777 Since cos % equals

cos <% 0), the period is 2T7T or 4.

2
b. vy
f\ /{10080 /
(o) T o 37 47 0
-1 y=4cos?

Notice that the graph of y = cos % is horizontally expanded.

The graphs of y = A sin k6 and y = A cos k6 are shown below.

| y=Asin ko y=Acos ko

y
A 1 Y 3 .
The amplitude The amplitude
\4 is equal to IAL. is equal to |Al.
4 X X L 4
[o]

VARV VARVERVE

The period » The period
is equal to 7. is equal to £7.

You can use the parent graph of the sine and cosine functions and the
amplitude and period to sketch graphs of y = A sin k0 and y = A cos k6.

Example e State the amplitude and period for the function y = %sin 40. Then graph the
i function.

Since A = % the amplitude is % or % Since k = 4, the period is %TW or %
Use the basic shape of the sine y

function and the amplitude and 1+ y=1sinae
period to graph the equation. /\ /\ /2\ /

We can write equations for the sine and cosine functions if we are given the
amplitude and period.
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Example o Write an equation of the cosine function with amplitude 9.8 and period 6.

The form of the equation will be y = A cos k6. First find the possible values of
A for an amplitude of 9.8.

lA|=98
A =980r —9.8

Since there are two values of A, two possible equations exist.

Now find the value of k when the period is 6.

2777 = 6 The period of a cosine function is %T
_ 27 1
k= 67 013

Many real-world situations have periodic characteristics that can be
described with the sine and cosine functions. When you are writing an equation
to describe a situation, remember the characteristics of the sine and cosine
graphs. If you know the function value when x = ( and whether the function is
increasing or decreasing, you can choose the appropriate function to write an
equation for the situation.

If Ais positive,
the graph passes
through the origin
and heads up.

If Ais positive, y B
the graph crosses y=Acos @

the y-axis at its \7

maximum.

If Ais negative,

the graph crosses ~

the y-axis at its
minimum.

If Ais negative,

the graph passes
through the origin
and heads down.

Example 9 BOATING Refer to the application at the beginning of the lesson.

e\ 9,6 a. Find an equation for the motion of the buoy.
° ; b. Determine the height of the buoy at 8 seconds and at 17 seconds.
“lica® i oa. Att= 0, the buoy is at equilibrium and is on

its way down. This indicates a reflection of
the sine function and a negative value of A.
The general form of the equation will be

y = A sin kt, where A is negative and ¢ is the
time in seconds.

— (Lol 27 _
A= (2 X 32> Y = 14
= T — _2m T
A= 4 Or 1.75 k—140r7
An equation for the motion of the buoy is y = —1.75 sin Zt

7
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b. Use this equation to find the location of the buoy at the given times.

Graphing
Calculator At 8 seconds
Ti
. y= —1.7551n(1><8)
To find the value of y, 7
use a calculator in y = 0.7592965435
radian mode.
At 8 seconds, the buoy is about 0.8 feet above the equilibrium point.
At 17 seconds
y = —1.75 sin (% X 17)
y = —1.706123846
At 17 seconds, the buoy is about 1.7 feet below the equilibrium point.
................................................................................................................................................................................. o
The period represents the amount of time that it takes to complete one cycle.
The number of cycles per unit of time is known as the frequency. The period
(time per cycle) and frequency (cycles per unit of time) are reciprocals of each
other.
iod = 1 { o
Penod = 4 equency TequUency = eriod
The hertz is a unit of frequency. One hertz equals one cycle per second.
Example MUSIC Write an equation of the sine function that represents the initial
o\ Wo i behavior of the vibrations of the note G above middle C having amplitude
& % i 0.015 and a frequency of 392 hertz.
A & The general form of the equation will
Dlica® be y = A sin kt, where t is the time in

seconds. Since the amplitude is 0.015,
A = =*0.015.

The period is the reciprocal of the

frequency or L Use this value to

392°
find k.
2w _ 1 od 27 1
& =39 The period & equals 300"

k = 2m(392) or 784

One sine function that represents the
vibration is y = 0.015 sin (7847 X f).

CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Write a sine function that has a greater maximum value than the function
y = 4 sin 26.

2. Describe the relationship between the graphs of y = 3 sin 6 and y = —3 sin 6.
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Guided Practice

3. Determine which function has the greatest period.
A.y =5 cos 26 B.y = 3 cos 50 C.y=7cosg D.y =cosf
4. Explain the relationship between period and frequency.

5. Math Journal Draw the graphs for y = cos 6,y = 3 cos 0, and y = cos 36.
Compare and contrast the three graphs.

6. State the amplitude for y = —2.5 cos 6. Then graph the function.
7. State the period for y = sin 460. Then graph the function.

State the amplitude and period for each function. Then graph each function.

8.y =10 sin 26 9.y =3cos 20
0

_ . __1l .8
10.y—0.531n6 1.y=—gcosy

Write an equation of the sine function with each amplitude and period.
w

12. amplitude = 0.8, period = 7 13. amplitude = 7, period = 3

Write an equation of the cosine function with each amplitude and period.

14. amplitude = 1.5, period = 57 15. amplitude = % period = 6

16. Music Write a sine equation that represents the initial behavior of the
vibrations of the note D above middle C having an amplitude of 0.25 and a
frequency of 294 hertz.

E XERCISES

Practice

State the amplitude for each function. Then graph each function.

17.y = 2sin 0 18.y=—%c030 19.y =15sin 6

State the period for each function. Then graph each function.
20.y = cos 26 21.y = cos & 22, y = sin 66

State the amplitude and period for each function. Then graph each function.

23.y=5cos 6 24.y = —2cos 0.560
25.y = —¢ sin 90 26. y = 8 sin 0.5

— _94in ™ — 2 5e 3
27.y = 3sm20 28.y—3cos 70
29.y = 3sin 20 30. y = 3 cos 0.560

_ 1 _ 1l 0
31.y= 3c053(9 3.‘2.y—3sm3
33.y=-4 sin% 34.y=-25 cos%

35. The equation of the vibrations of the note F above middle C is represented by
y = 0.5 sin 6987t. Determine the amplitude and period for the function.
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Write an equation of the sine function with each amplitude and period.

36.
37.

38.
39.
40.
41.

amplitude = 0.4, period = 107
amplitude = 35.7, period = %
amplitude = %, period = %
amplitude = 0.34, period = 0.757
amplitude = 4.5, period = %T
amplitude = 16, period = 30

Write an equation of the cosine function with each amplitude and period.

42.
43.
44,
45.
46.
47.

48.

amplitude = 5, period = 27
amplitude = % period = %
amplitude = 7.5, period = 67

amplitude = 0.5, period = 0.37

amplitude = % period = %w

amplitude = 17.9, period = 16

Write the possible equations of the sine and cosine functions with amplitude
1.5 and period %

Write an equation for each graph.

49.

51.

53.

54.

Graphing 55.
ﬁCulculutor

N

G

50. 1yL_\

S

-1

’\"'<

ANV \I AN
N AN NZ

Write an equation for a sine function with amplitude 3.8 and frequency
120 hertz.

Write an equation for a cosine function with amplitude 15 and frequency
36 hertz.

Graph these functions on the same screen of a graphing calculator. Compare
the graphs.

a.y =sinx b.y=sinx+1 c.y=sinx + 2
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Applications 56. Boating A buoy in the harbor of San Juan, Puerto Rico, bobs up and down.

and Problem The distance between the highest and lowest point is 3 feet. It moves from its
Solving highest point down to its lowest point and back to its highest point every
o\ Wo 8 seconds.
S
) N a. Find the equation of the motion for the buoy assuming that it is at its
“0lica® equilibrium point at = 0 and the buoy is on its way down at that time.

b. Determine the height of the buoy at 3 seconds.
c. Determine the height of the buoy at 12 seconds.

57. Critical Thinking Consider the graph of y = 2 + sin 6.
a. What is the maximum value of y?
b. What is the minimum value of y?
c. What is the period of the function?
d. Sketch the graph.

58. Music Musical notes are classified by frequency. The note middle C has a
frequency of 262 hertz. The note C above middle C has a frequency of 524 hertz.
The note C below middle C has a frequency of 131 hertz.

a. Write an equation of the sine function that represents middle C if its
amplitude is 0.2.

b. Write an equation of the sine function that represents C above middle C if its
amplitude is one half that of middle C.

c. Write an equation of the sine function that represents C below middle C if its
amplitude is twice that of middle C.

59. Physics For a pendulum, the
equation representing the
horizontal displacement of the

bobisy = A cos <t /%) In this

equation, A is the maximum

horizontal distance that the bob

moves from the equilibrium point, ¢

is the time, g is the acceleration due

to gravity, and ¢ is the length of the
pendulum. The acceleration due to
gravity is 9.8 meters per second squared.

a. A pendulum has a length of 6 meters and its bob has a maximum horizontal
displacement to the right of 1.5 meters. Write an equation that models the
horizontal displacement of the bob if it is at its maximum distance to the
right when ¢ = 0.

b. Find the location of the bob at 4 seconds.

c. Find the location of the bob at 7.9 seconds.

60. Critical Thinking Consider the graph of y = cos (6 + ).
a. Write an expression for the x-intercepts of the graph.
b. What is the y-intercept of the graph?
c. What is the period of the function?
d. Sketch the graph.
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61.

Mixed Review 62.

63.

64.

65.

66.

67.

68.

Physics Three different weights are suspended from three different springs.
Each spring has an elasticity coefficient of 18.5. The equation for the vertical
displacement is y = 1.5 cos (t \/%) where ¢ is time, k is the elasticity
coefficient, and m is the mass of the weight.

a. The first weight has a mass of 0.4 kilogram. Find the period and frequency of
this spring.

b. The second weight has a mass of 0.6 kilogram. Find the period and frequency
of this spring.

c. The third weight has a mass of 0.8 kilogram. Find the period and frequency of
this spring.

d. As the mass increases, what happens to the period?

e. As the mass increases, what happens to the frequency?

_om

5 ) by referring to the graph of the cosine function. (Lesson 6-3)

Find cos (

Determine the angular velocity if 84 revolutions are completed in 6 seconds.
(Lesson 6-2)

Given a central angle of 73°, find the length of its intercepted arc in a circle of
radius 9 inches. (Lesson 6-1)

Solve the triangle if a = 15.1 and b = 19.5. B
Round to the nearest tenth. (Lesson 5-5)

(o b A

Physics The period of a pendulum can be determined by the formula

T =2m g, where T represents the period, ¢ represents the length of the

pendulum, and g represents the acceleration due to gravity. Determine the
length of the pendulum if the pendulum has a period on Earth of 4.1 seconds
and the acceleration due to gravity at Earth’s surface is 9.8 meters per second
squared. (Lesson 4-7)

Find the discriminant of 3m2 + 5m + 10 = 0. Describe the nature of the roots.
(Lesson 4-2)

Manufacturing Icon, Inc. manufactures two types of computer graphics cards,
Model 28 and Model 74. There are three stations, A, B, and C, on the assembly
line. The assembly of a Model 28 graphics card requires 30 minutes at station A,
20 minutes at station B, and 12 minutes at station C. Model 74 requires

15 minutes at station A, 30 minutes at station B, and 10 minutes at station C.
Station A can be operated for no more than 4 hours a day, station B can be
operated for no more than 6 hours a day, and station C can be operated for no
more than 8 hours. (Lesson 2-7)

a. If the profit on Model 28 is $100 and on Model 74 is $60, how many of each
model should be assembled each day to provide maximum profit?

b. What is the maximum daily profit?
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69. Use a reflection matrix to find the coordinates of the vertices of a quadrilateral
reflected over the x-axis if the coordinates of the vertices of the quadrilateral
are located at (=2, —1), (1, —1), (3, —4), and (-3, —2). (Lesson 2-4)

—3xifx < -2
70. Graph g(x) = y2if -2 =x<3. (Lesson I-7)
x+ lifx=3

71. Fund-Raising The regression equation of a set of data is y = 14.7x + 140.1,
where y represents the money collected for a fund-raiser and x represents the
number of members of the organization. Use the equation to predict the amount
of money collected by 20 members. (Lesson 1-6)

72. Given that x is an integer, state the relation representing y = x% and
—4 = x = —2 by listing a set of ordered pairs. Then state whether this relation is
a function. (Lesson 1-1)

73. SAT/ACT Practice Points RSTU are the centers of
four congruent circles. If the area of square RSTU
is 100, what is the sum of the areas of the four
circles?

A 257
B 507
C 1007
D 2007
E 4007

MID-CHAPTER QUIZ

6. Determine the linear velocity of a point

5 .
1. Change —+ - radians to degree measure. . X
6 rotating at an angular velocity of

Lessen el 87 radians per second at a distance of

2. Mechanics A pulley with diameter 3 meters from the center of the rotating
0.5 meter is being used to lift a box. How object. (Lesson 6-2)
far will the box weight rise if the pulley

T . . T .

is rotated through an angle of 5~ radians? 7. Find sin (_T> by referring to the graph of
(Lesson 6-1) the sine function. (Lesson 6-3)

3. Find the arga of a sector if the central angle 8. Graph y = cos x for 77 = x = 9.
measures % radians and the radius of the (Lesson 6-3)
circle is 8 feet. (Lesson 6-1) 9. State the amplitude aend period for the

4. Determine the angular displacement in function y = —7 cos 3. Then graph the
radians of 7.8 revolutions. (Lesson 6-2) function. (Lesson 6-4)

5. Determine the angular velocity if 10. Find the possible equations of the sine
8.6 revolutions are completed in function with amplitude 5 and period %
7 seconds. (Lesson 6-2) (Lesson 6-4)
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OBJECTIVES

* Find the phase
shift and the
vertical
translation for
sine and cosine
functions.

Write the
equations of
sine and cosine
functions given
the amplitude,
period, phase
shift, and
vertical
translation.

Graph
compound
functions.

» Select the radian mode.

» Use the domain and range values below to
set the viewing window.

—4.7 = x = 4.8, Xscl: 1

TRY THESE
1. Graph each function on the same screen.

a.y =sinx

c.y=sin(x+%)

Translations of Sine
and Cosine Functions

©0000000000000000000000000000000000000000000000000000000000000000000000000000

TIDES One day in
March in San Diego,

o\ Wo,
& ’6

o) Xe)
Dljico™

Cadlifornia, the first
low tide occurred at 1:45 A.M.,
and the first high tide occurred
at 7:44 a.M. Approximately

12 hours and 24 minutes or
12.4 hours after the first low
tide occurred, the second low
tide occurred. The equation

that models these tides is

h=129+ 2.2sin ( Tt — 4'8577),

62" 762

where t represents the number of hours

since midnight and h represents the height of the water. Draw a graph that models
the cyclic nature of the tide. This problem will be solved in Example 4.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

In Chapter 3, you learned that the graph of y = (x — 2)2 is a horizontal
translation of the parent graph of y = x2. Similarly, graphs of the sine and cosine
functions can be translated horizontally.

GRAPHING CALCULATOR EXPLORATION

WHAT DO YOU THINK?

2. Describe the behavior of the graph of
f(x) = sin (x + ¢), wherec > 0, as ¢

-3=y=3 Yscl:1 increases.

3. Make a conjecture about what happens to
the graph of f(x) = sin (x + ¢) if c < 0 and
continues to decrease. Test your

b.y=sin(x+%>
conjecture.

A horizontal translation or shift of a trigonometric function is called a
phase shift. Consider the equation of the form y = A sin (k6 + ¢), where
A, k, c # 0. To find a zero of the function, find the value of 6 for which
A sin (k0 + ¢) = 0. Since sin 0 = 0, solving k6 + ¢ = 0 will yield a zero of
the function.
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kRO +c=0

0 = —% Solve for 6.

Therefore, y = 0 when 0 = —%. The value of —% is the phase shift.

When ¢ > 0: The graph of y = A sin (k6 + ¢) is the graph of y = A sin k0,

shifted ‘% to the left.
When ¢ < 0: The graph of y = A sin (kf + ¢) is the graph of y = A sin k6,
shifted % | to the right.
Phase Shift of The phase shift of the functions y = A sin (k¢ + c) and y = A cos (k6 + C)
Sine and is —%, where k > 0.
Cosine If ¢ > O, the shift is to the left.
Functions If ¢ < O, the shift is to the right.

Example o State the phase shift for each function. Then graph the function.
: a.y=sin(@ + n

The phase shift of the function is —% or —% which equals —7.

To graph y = sin (# + 7), consider the graph of y = sin 6. Graph this
function and then shift the graph —.

y —smo
1- /\/ ,-\ /\
C,’ M \
ll \ /
1.. ~7/

y=sin(0 + m)

b.y = cos <20 - %)

w

The phase shift of the function is —% or _<T2)' which equals %

To graph y = cos (20 - > consider the graph of y = cos 26. The graph of
y = cos 26 has amplitude of 1 and a period of 27 or 7. Graph this function
and then shift the graph %

y = cos 20




In Chapter 3, you also learned that the graph of y = x2 — 2 is a vertical
translation of the parent graph of y = x2. Similarly, graphs of the sine and cosine
functions can be translated vertically.

When a constant is added to a sine or cosine function, the graph is shifted
upward or downward. If (x, y) are the coordinates of y = sin x, then (x, y + d) are
the coordinates of y = sin x + d.

A new horizontal axis known as the y

midline becomes the reference line or midline /\
equilibrium point about which the h } y=h
graph oscillates. For the graph of A Y A

y = A sin 6 + h, the midline is the graph f 77\/277 £ g
ofy = h. y=Asing+h

Vir;tg?nles::g The vertical shift of the functions y = A sin (k¢ + ¢) + h and
Cosi y=Acos (k8 + c) + his h. If h > O, the shift is upward. If h < O,
osine o e
- . the shift is downward. The midline is y = h.
unctions

Example e State the vertical shift and the equation of the midline for the function
y = 2 cos 6 — 5. Then graph the function.

The vertical shift is 5 units downward. The midline is the graph of y = —5.

To graph the function, draw the midline, the graph of y = —5. Since the

amplitude of the function is | 2 | or 2, draw dashed lines parallel to the midline
which are 2 units above and below the midline. Thatis,y = —3andy = —7.
Then draw the cosine curve.

y
o] a 27 37 4n O
o4 y=2c0s6—5

In general, use the following steps to graph any sine or cosine function.

Determine the vertical shift and graph the midline.

Determine the amplitude. Use dashed lines to indicate the maximum

and minimum values of the function.

3. Determine the period of the function and graph the appropriate sine or
cosine curve.

4. Determine the phase shift and translate the graph accordingly.

n -

Graphing Sine
and Cosine
Functions
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Example e State the amplitude, period, phase shift, and vertical shift for
: y=4cos <£ + 71') — 6. Then graph the function.

2
2m
The amplitude is |4]or 4. The periodis 1 or 4. The phase shift is — 1 or
2 2

—2mr. The vertical shift is —6. Using this information, follow the steps for
graphing a cosine function.

Step 1 Draw the midline which is y
the graph of y = —6. ¢-20-- ~ . on ___3}_“ ‘l'”--g
Step 2 Draw dashed lines parallel f4 1 \\ /\ ,/ T
to the midline, which are 6 > Vil

4 units above and below the -8 / P /’/\/
midline. e ___71__‘_\__"___//:__ ol

—12{y=4cosf -6 y=24cos(+x)-6

Step 3 Draw the cosine curve with
period of 4.

Step 4 Shift the graph 27 units to the left.

You can use information about amplitude, period, and translations of sine
and cosine functions to model real-world applications.

Example o TIDES Refer to the application at the beginning of the lesson. Draw a graph

o\ Wo that models the San Diego tide.
@ %
? c: i The vertical shift is 2.9. Draw the midline y = 2.9.
?°,o lic o’i‘oc The amplitude is |2.2| or 2.2. Draw dashed lines parallel to and 2.2 units

above and below the midline.

The period is 2 or 12.4. Draw the sine curve with a period of 12.4.

6.2
—4.857
_ 6.2 ,
Shift the graph ————— or 4.85 units.
o5
Vhy=2.9 +2.25in(Z1)
61 /y zg+22sm("t—“:§"
il e e Akl -

, N / SN

\ /
E\-- \
N /
¥ I N ’
B R e A Bl — = s

Ol 2 4 6 8 10 12 14 16 6

You can write an equation for a trigonometric function if you are given the
amplitude, period, phase shift, and vertical shift.
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Example e erte an equation of a sine function with amplitude 4, period 7, phase shift
—=, and vertical shift 6.

8
The form of the equation will be y = A sin (k6 + ¢) + h. Find the values of
A, Rk, c,and h.
A=4or -4
k: 2% =1 The period is .
k=2
c_ _ 7 o hiff e T
¢ =3 The phase shift is 3
c _m _
278 o
-
€T3
h: h=6

Substitute these values into the general equation. The possible equations are

y=4sin<20+%>+6andy=—4sin(20+%>+6.

Compound functions may consist of sums or products of trigonometric
functions. Compound functions may also include sums and products of
trigonometric functions and other functions.

Here are some examples of compound functions.

y =sinx-cosx Product of trigonometric functions
y=cosx +x Sum of a trigonometric function and a linear function
You can graph compound functions involving addition by graphing each
function separately on the same coordinate axes and then adding the ordinates.

After you find a few of the critical points in this way, you can sketch the rest of
the curve of the function of the compound function.

Example O Graph y = x + cos x.

First graph y = cos x and y = x on the same axis. Then add the corresponding
ordinates of the function. Finally, sketch the graph.

x €os X X + cos x y
0 1 1

™ 0 T L0=~157 1
2 2 ’

T -1 Tm—1=2.14

37 37 _ 3t
2 0 > 4.71 |
2 1 20+ 1 = 7.28

5w 57 £/
- 0 5 = 7.85 y
37 -1 3m — 1 = 8.42




CHECK FOR UNDERSTANDING

Communicating  Read and study the lesson to answer each question.

Mathematics 1. Compare and contrast the graphs y = sinx + 1 and y = sin (x + 1).

2. Name the function whose graph is the same as the graph of y = cos x with a
phase shift of g

3. Analyze the function y = A sin (k6 + ¢) + h. Which variable could you increase
or decrease to have each of the following effects on the graph?
a. stretch the graph vertically
b. translate the graph downward vertically
c. shrink the graph horizontally
d. translate the graph to the left.

4. Explain how to graph y = sin x + cos x.

5. You Decide Marsha and Jamal are graphlng y = coSs (— 0 — —) Marsha says

that the phase shift of the graph is - 7 Jamal says that the phase shift is 3.
Who is correct? Explain.

Guided Practice 6. State the phase shift for y = 3 cos (0 - —) Then graph the function.

7. State the vertical shift and the equation of the midline for y = sin 26 + 3. Then
graph the function.

State the amplitude, period, phase shift, and vertical shift for each function. Then
graph the function.

8.y =2sin (20 + ) — 5 9.y=3—%cos(g—%)
10. Write an equation of a sine function with amplitude 20, period 1, phase shift 0,
and vertical shift 100.
11. Write an equation of a cosine function with amplitude 0.6, period 12.4, phase
shift —2.13, and vertical shift 7.

12. Graph y = sin x — cos x.

13. Health If a person has a blood pressure of 130 over 70, then the person’s
blood pressure oscillates between the maximum of 130 and a minimum
of 70.

a. Write the equation for the midline about which this person’s blood pressure
oscillates.

b. If the person’s pulse rate is 60 beats a minute, write a sine equation that
models his or her blood pressure using ¢ as time in seconds.

c. Graph the equation.

E XERCISES

Practice State the phase shift for each function. Then graph each function.
14.y = sin (§ — 2m) 15. y = sin (20 + ) 16.y = 2 cos Z+727)
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State the vertical shift and the equation of the midline for each function. Then
graph each function.

17.y =sing + 5 18.y = 5cos 6 — 4 19.y =7+ cos 26
20. State the horizontal and vertical shift for y = —8 sin (20 — 47) — 3.

State the amplitude, period, phase shift, and vertical shift for each function. Then
graph the function.

21.y=3cos<9—g) 22.y=631n(0+%>+2
23.y=—2+sin<g—%> 24.y =20 + 5 cos (30 + )
1 .0 —10sin (2 — _
25.y = cosy 3 26.y—1031n<4 477> 5
27. State the amplitude, period, phase shift, DRPY, S A
and vertical shift of the sine curve ]
shown at the right. ’/__o ’ 7T\ o 3. /477 )

N

Write an equation of the sine function with each amplitude, period, phase shift,
and vertical shift.

28. amplitude = 7, period = 3, phase shift = 7, vertical shift = -7
3T T

29. amplitude = 50, period = R phase shift = L vertical shift = —25

30. amplitude = %, period = %, phase shift = 77, vertical shift = %

Write an equation of the cosine function with each amplitude, period, phase shift,
and vertical shift.

31. amplitude = 3.5, period = % phase shift = % vertical shift = 7

32. amplitude = %, period = %, phase shift = %, vertical shift = %

33. amplitude = 100, period = 45, phase shift = 0, vertical shift = —110

34. Write a cosine equation for the graph y
at the right. ‘;\'1‘ """""""""" -
Of = 2 37 Nz 6

72 .
e -

35. Write a sine equation for the graph y 1
at the right. T i R N >
g I N L L,

2 +

1 +
o T 2:77 0
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Graph each function.
36.y =sinx + x 37.y =cosx —sinx 38. y = sinx + sin 2x

39. On the same coordinate plane, graph each function.
a.y=2sinx b.y =3 cosx c.y=2sinx + 3 cosx

40. Use the graphs of y = cos 2x and y = cos 3x to graph y = cos 2x — cos 3x.

Applications 41. Biology In the wild, predators such as
and Problem wolves need prey such as sheep to
Solving survive. The population of the wolves and

the sheep are cyclic in nature. Suppose
the population of the wolves Wis

o\ Wo
7 o

;o - \-\o; . Tt
Rlica modeled by W = 2000 + 1000 sin <?>
and population of the sheep S is modeled

by S = 10,000 + 5000 cos (%‘) where tis
the time in months.

a. What are the maximum number and
the minimum number of wolves?

b. What are the maximum number and
the minimum number of sheep?

c. Use a graphing calculator to graph
both equations for values of ¢ from

0to 24. -

d. During which months does the wolf population reach a maximum?
e. During which months does the sheep population reach a maximum?

f. What is the relationship of the maximum population of the wolves and the
maximum population of the sheep? Explain.

42. Critical Thinking Use the graphs of y = x and y = cos x to graph y = x cos x.

43. Entertainment As you ride a Ferris wheel, the height that you are above the
ground varies periodically. Consider the height of the center of the wheel to
be the equilibrium point. Suppose the diameter of a Ferris Wheel is 42 feet and
travels at a rate of 3 revolutions per minute. At the highest point, a seat on the
Ferris wheel is 46 feet above the ground.

a. What is the lowest height of a seat?

b. What is the equation of the midline?

c. What is the period of the function?

d. Write a sine equation to model the height of a seat that was at the equilibrium
point heading upward when the ride began.

e. According to the model, when will the seat reach the highest point for the
first time?

f. According to the model, what is the height of the seat after 10 seconds?

44, Electronics In electrical circuits, the voltage and current can be described by
sine or cosine functions. If the graphs of these functions have the same period,
but do not pass through their zero points at the same time, they are said to
have a phase difference. For example, if the voltage is 0 at 90° and the current is
0 at 180°, they are 90° out of phase. Suppose the voltage across an inductor of a

circuit is represented by y = 2 cos 2x and the current across the component

is represented by y = cos | 2x — 7). What is the phase relationship between

2
the signals?
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45. Critical Thinking The windows for the following calculator screens are set
at [—2r, 2w] scl: 0.5w by [—2, 2] scl: 0.5. Without using a graphing calculator, use the
equations below to identify the graph on each calculator screen.

y = cos x? y = Vsinx y =23 y = sin Vx

A I HI

c. d.

r'ﬂ

Mixed Review 46. Music Write an equation of the sine function that represents the initial
behavior of the vibrations of the note D above middle C having amplitude 0.25
and a frequency of 294 hertz. (Lesson 6-4)

47. Determine the linear velocity of a point rotating at an angular velocity of
19.2 radians per second at a distance of 7 centimeters from the center of the
rotating object. (Lesson 6-2)

48. Graphy = i—:g (Lesson 3-7)

49. Find the inverse of f(x) = —>—. (Lesson 34)

50. Find matrix X in the equation [} }][_g _g} = X. (Lesson 2-3)
51. Solve the system of equations. (Lesson 2-1)

3x +5y=4

14x — 35y = 21

52. Graph y = |x + 4. (Lesson 1-9)

53. Write the standard form of the equation of the line through the point at (3, —2)
that is parallel to the graph of 3x — y + 7 = 0. (Lesson 1-5)

54. SAT Practice Grid-In A swimming pool is 75 feet long and 42 feet wide.
If 7.48 gallons equals 1 cubic foot, how many gallons of water are needed
to raise the level of the water 4 inches?
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Modeling Real-World Data
with Sinusoidal Functions

o\ Wo 9000000000000 0000000000000000000000000000000000000000000000000000000000000CCTS
OBJECTIVES ‘4%,  METEOROLOGY The .

* Model . o ) } Month Sunrise Sunset
real-world 9 ~ fable contains the times AM. P.M.
do(t]la using sine “elica®®  that the sun rises and sefs January 719 6:00
and cosine on the fifteenth of every month in ; .
functions. Brownsville, Texas ’ Febroary 725 52

e Use sinusoidal ’ : March 6:40 6:39
functions to Let t = 1 represent January 15. April 6:07 6:53
solve problems. Let t = 2 represent February 15. May 5:44 7:09

Let t = 3 represent March 15. June 5:38 7:23
: July 5:48 7:24
A t 6:03 7:06
Write a function that models the hours ~g
¢ davliaht for B ile. U September 6:16 6:34
of daylight for Brownsville. Use your October 5.29 5:03
model to estimate the number of hours
£ davliah S ber 30. Thi November 6:48 5:41
of daylight on sepfember 5U. 17iis December 7:09 5:41
problem will be solved in Example 1.

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Before you can determine the function for the daylight, you must first
compute the amount of daylight for each day as a decimal value. Consider
January 15. First, write each time in 24-hour time.

7:19 AM. = T7:19
6:00 .M. = 6:00 + 12 or 18:00

Then change each time to a decimal rounded to the nearest hundredth.
19 =74+ 19
719 =7+ 60 (())r 7.32
18:00 = 18 + G0 ©F 18.00
On January 15, there will be 18.00 — 7.32 or 10.68 hours of daylight.

Similarly, the number of daylight hours can be determined for the fifteenth of

each month.
Month Jan. Feb. March April May June
f 1 2 3 4 5 6
Hours of Daylight 10.68 11.30 11.98 12.77 13.42 13.75
Month July Aug. Sept. Oct. Nov. Dec.
f 7 8 9 10 11 12
Hours of Daylight 13.60 13.05 12.30 11.57 10.88 10.53




Since there are 12 months in a year,
month 13 is the same as month 1, month
14 is the same as month 2, and so on.

The function is periodic. Enter the data
into a graphing calculator and graph the
points. The graph resembles a type of sine
curve. You can write a sinusoidal function
to represent the data. A sinusoidal function
can be any function of the form
y=Asin (kR0 + c) + hor
y=Acos (k6 + ¢) + h.

[—1,13] sck:1 by [—1, 14] sck:1

Example o METEOROLOGY Refer to the application at the beginning of the lesson.

interNE

CONNECTION

Research

For data about
amount of
daylight,
average
temperatures,
or tides, visit
www.amc.
glencoe.com

O—/
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a. Write a function that models the amount of daylight for Brownsville.

b. Use your model to estimate the number of hours of daylight on
September 30.

a. The data can be modeled by a function of the form y = A sin (kt + ¢) + h,
where t is the time in months. First, find A, h, and k.

A is half the difference between the most

A: A=B21053 o161 daylight (13.75 h) and the least daylight
(10.53 h).
h: h = 13.75 + 10.53 or 12.14 h is half the sum of the greatest value and
2 least value.
21 C .
k: - 12 The period is 12.
k=<

6
Substitute these values into the general form of the sinusoidal function.

y=Asin(kt +c)+ h
y = 1.61 sin (%t-l— c) +1214 A=161k= % h=1214

To compute c, substitute one of the coordinate pairs into the function.

y=1.61sin (%t + c) +12.14

10.68 = 1.61 sin (%(l) + c) +12.14 Use (t,y) = (1, 10.68).

—1.46 = 1.61 sin (% + c) Add —12.14 to each side.
146 n (T4 Divide each side by 1.61
Lo = sinlg ¢ ivide each side by 1.61.

sin~! (—% = % +c Definition of inverse

1.46 T T .
-1 146} 7 _m
sin ( 1.61) 6=¢ Add 6 to each side.
—1.659305545 = ¢ Use a calculator.

Graphs of Trigonometric Functions
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The function y = 1.61 sin <%t - 1.66) + 12.14 is one model for the daylight
in Brownsville.

To check this answer, enter the data

Graphing into a graphing calculator and
Calculator ; -
Tip calculate the SinReg statistics.
Rounding to the nearest hundredth,
For keysroke i y=160sin (0.51¢ — 1.60) + 12.12.
insfruction on how fo The models are similar. Either model

find sine regression

statistics, see page A25. could be used.

b. September 30 is half a month past September 15, so t = 9.5. Select a model
and use a calculator to evaluate it for t = 9.5.

Model 1: Paper and Pencil

y = 1.61 sin (%r— 1.66) +12.14

y = 1.61 sin [76? (9.5) — 1.66] +12.14
y ~ 11.86349848

Model 2: Graphing Calculator

y = 1.60 sin (0.51¢ — 1.60) + 12.12

y = 1.60 sin [0.51(9.5) — 1.60] + 12.12
y = 11.95484295

On September 30, Brownsville will have about 11.9 hours of daylight.

In general, any sinusoidal function can be written as a sine function or as a
cosine function. The amplitude, the period, and the midline will remain the same.
However, the phase shift will be different. To avoid a greater phase shift than
necessary, you may wish to use a sine function if the function is about zero at
x = 0 and a cosine function if the function is about the maximum or minimum at
x=0.

Example e HEALTH An average seated adult breathes in and out every 4 seconds. The

o\ W average minimum amount of air in the lungs is 0.08 liter, and the average
& A maximum amount of air in the lungs is 0.82 liter. Suppose the lungs have a
; ; minimum amount of air at £ = 0, where ¢ is the time in seconds.

Vo) 0 . . PR
Dlico® i a. Write a function that models the amount of air in the lungs.

b. Graph the function.

c. Determine the amount of air in the lungs at 5.5 seconds.
(continued on the next page)
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a. Since the function has its minimum value at ¢ = 0, use the cosine function.
A cosine function with its minimum value at = 0 has no phase shift and
a negative value for A. Therefore, the general form of the model is
y = —A cos kt + h, where t is the time in seconds. Find A, k, and h.

A A= 0822& or 0.37 A is half the difference between the greatest
value and the least value.
h: h= OSZZJ or 0.45 h is half the sum of the greatest value and the
least value.
k: 2% =4 The period is 4.
-
k= 2
Therefore, y = —0.37 cos % t + 0.45 models the amount of air in the lungs of

an average seated adult.

b. Use a graphing calculator to graph
the function.

[—2, 10] sck:1 by [-0.5, 1] sck0.5

c. Use this function to find the amount of air in the lungs at 5.5 seconds.

y = —0.37 cos gt +0.45

y = —0.37 cos [727 (5.5)} +0.45
y ~ 0.711629509

The lungs have about 0.71 liter of air at 5.5 seconds.

,

Communicating Read and study the lesson to answer each question.

Mathematics 1. Define sinusoidal function in your own words.

2. Compare and contrast real-world data that can be modeled with a
polynomial function and real-world data that can be modeled with
a sinusoidal function.

3. Give three real-world examples that can be modeled with a sinusoidal
function.
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v

6 t) models a buoy

Guided Practice 4. Boating If the equilibrium point is y = 0, then y = —5 cos (
bobbing up and down in the water.

a. Describe the location of the buoy when ¢ = 0.
b. What is the maximum height of the buoy?
c. Find the location of the buoy at t = 7.
5. Health A certain person’s blood pressure oscillates between 140 and 80. If the

heart beats once every second, write a sine function that models the person’s
blood pressure.

6. Meteorology The average monthly temperatures for the city of Seattle,
Washington, are given below.

Jan. | Feb. [March| April | May | June | July | Aug. | Sept. | Oct. | Nov. | Dec.
41° 44° | 47° 50° 56° 61° 65° 66° 61° 54° 46° | 42°

a. Find the amplitude of a sinusoidal function that models the monthly
temperatures.

b. Find the vertical shift of a sinusoidal function that models the monthly
temperatures.

c. What is the period of a sinusoidal function that models the monthly
temperatures?

d. Write a sinusoidal function that models the monthly temperatures, using
t = 1 to represent January.

e. According to your model, what is the average monthly temperature in
February? How does this compare to the actual average?

f. According to your model, what is the average monthly temperature in
October? How does this compare to the actual average?

E XERCISES

Applications 7. Music The initial behavior of the vibrations of the note E above middle C can
and Problem be modeled by y = 0.5 sin 660t.
Solving a. What is the amplitude of this model?

:fo\ Wc»”(t b. What is the period of this model?

Tor S c. Find the frequency (cycles per second) for this note.

8. Entertainment A rodeo performer spins a lasso in a circle perpendicular

to the ground. The height of the knot from the ground is modeled by

h = —3cos (5?77 t) + 3.5, where ¢ is the time measured in seconds.

a. What is the highest point reached by the knot?

b. What is the lowest point reached by the knot?

c. What is the period of the model?

d. According to the model, find the height of the knot after 25 seconds.
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9. Biology In a certain region with hawks as predators and rodents as prey, the

rodent population R varies according to the model R = 1200 + 300 sin (%t),

and the hawk population H varies according to the model

H = 250 + 25 sin (gt - %), with f measured in years since January 1, 1970.

a. What was the population of rodents on January 1, 1970?

b. What was the population of hawks on January 1, 1970?

c. What are the maximum populations of rodents and hawks? Do these maxima
ever occur at the same time?

d. On what date was the first maximum population of rodents achieved?

e. What is the minimum population of hawks? On what date was the minimum
population of hawks first achieved?

f. According to the models, what was the population of rodents and hawks on
January 1 of the present year?

10. Waves A leaf floats on the water bobbing up and down. The distance between
its highest and lowest point is 4 centimeters. It moves from its highest point
down to its lowest point and back to its highest point every 10 seconds. Write a
cosine function that models the movement of the leaf in relationship to the
equilibrium point.

11. Tides Write a sine function which models the oscillation of tides in Savannah,
Georgia, if the equilibrium point is 4.24 feet, the amplitude is 3.55 feet, the phase
shift is —4.68 hours, and the period is 12.40 hours.

12. Meteorology The mean average temperature in Buffalo, New York, is 47.5°.
The temperature fluctuates 23.5° above and below the mean temperature. If
t = 1 represents January, the phase shift of the sine function is 4.

a. Write a model for the average monthly temperature in Buffalo.
b. According to your model, what is the average temperature in March?

c. According to your model, what is the average temperature in August?
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13. Meteorology The average monthly temperatures for the city of Honolulu,
Hawaii, are given below.

Jan.

Feb. [March| April | May | June | July | Aug. | Sept. | Oct. | Nov. | Dec.

73°

73° | 74° | 76° | 78° | 79° | 81° | 81° | 81° | 80° | 77° | 74°

a.

Find the amplitude of a sinusoidal function that models the monthly
temperatures.

. Find the vertical shift of a sinusoidal function that models the monthly

temperatures.

. What is the period of a sinusoidal function that models the monthly

temperatures?

. Write a sinusoidal function that models the monthly temperatures, using

t =1 to represent January.

. According to your model, what is the average temperature in August? How

does this compare to the actual average?

According to your model, what is the average temperature in May? How does
this compare to the actual average?

14. Critical Thinking Write a cosine function that is equivalent to
y=3sin(x —m) + 5.

15. Tides Burntcoat Head in Nova Scotia, Canada, is known for its extreme
fluctuations in tides. One day in April, the first high tide rose to 13.25 feet at
4:30 a.M. The first low tide at 1.88 feet occurred at 10:51 A.M. The second high
tide was recorded at 4:53 p.m.

a.
. Find the vertical shift of a sinusoidal function that models the tides.

b
c.
d

Find the amplitude of a sinusoidal function that models the tides.

What is the period of a sinusoidal function that models the tides?

. Write a sinusoidal function to model the tides, using ¢ to represent the

number of hours in decimals since midnight.

e. According to your model, determine the height of the water at 7:30 p.M.
16. Meteorology The table at the right Sunrise | Sunset

contains the times that the sun rises Month AM. P.M.

and sets in the middle of each month

in New York City, New York. Suppose January 7:19 4:47

the number 1 represents the middle February 6:56 5:24

of January, the number 2 represents March 6:16 5:57

the middle of February, and so on. April 5925 6:29

a. Find the amount of daylight hours May A:-44 7-:01
for the middle of each month. June 424 7.26

b. What i§ the amp}itude ofa July 4:33 7.28
51nu§01dal function that models the August 5:01 7:01
daylight hours?

c. What is the vertical shift of a September >:31 6:14
sinusoidal function that models the | October 6:01 5:24
daylight hours? November 6:36 4:43

d. What is the period of a sinusoidal December | 7:08 4:28

function that models the daylight
hours?

. Write a sinusoidal function that models the daylight hours.
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Mixed Review

17.

18.

19.

20.

21.

22.
23.
24.

25.
26.

27.

28.

Critical Thinking The average monthly temperature for Phoenix, Arizona

can be modeled by y = 70.5 + 19.5 sin (%t + c). If the coldest temperature
occurs in January (¢t = 1), find the value of c.

Entertainment Several years ago, an amusement park in Sandusky, Ohio,
had a ride called the Rotor in which riders stood against the walls of a
spinning cylinder. As the cylinder spun, the floor of the ride dropped out, and
the riders were held against the wall by the force of friction. The cylinder of
the Rotor had a radius of 3.5 meters and rotated counterclockwise at a rate of
14 revolutions per minute. Suppose the center of rotation of the Rotor was at
the origin of a rectangular coordinate system.

a. If the initial coordinates of the hinges on the door of the cylinder are
(0, —3.5), write a function that models the position of the door at
t seconds.

b. Find the coordinates of the hinges on the door at 4 seconds.

Electricity For an alternating current, A

the instantaneous voltage Vp is 1207

graphed at the right. Write an 80

equation for the instantaneous 40

voltage. _l° 3V0 9\//20 t
71 0 4

Meteorology Find the number of daylight hours for the middle of each
month or the average monthly temperature for your community. Write a
sinusoidal function to model this data.

State the amplitude, period, phase shift, and vertical shift for
y = —3cos (20 + 7)) + 5. Then graph the function. (Lesson 6-5)

Find the values of 6 for which cos 6 = 1 is true. (Lesson 6-3)
Change 800° to radians. (Lesson 6-1)

Geometry The sides of a parallelogram are 20 centimeters and
32 centimeters long. If the longer diagonal measures 40 centimeters,
find the measures of the angles of the parallelogram. (Lesson 5-8)

+
Decompose % into partial fractions. (Lesson 4-6)

16

Find the value of k so that the remainder of (2x3 + kx? — x —6) + (x + 2)
is zero. (Lesson 4-3)

Determine the interval(s) for which the graph of f(x) = 2 Ix+1]-5is
increasing and the intervals for which the graph is decreasing. (Lesson 3-5)

SAT/ACT Practice If one half of the female students in a certain school eat in
the cafeteria and one third of the male students eat there, what fractional
part of the student body eats in the cafeteria?

5 2 3 5
Aty B3 €3 D
E not enough information given
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Graphing Other Trigonometric

Functions

. g&:ﬁﬁg‘gﬁnt :2-00\ WQ% SECURITY A security camera scans a
cotangent, v ~ long, straight driveway that serves as
secant, and “0lica®®  an entrance to an historic mansion.
cosecant Suppose a line is drawn down the center of the
functions.

* Write equations
of trigonometric

driveway. The camera is located 6 feet to the right of
the midpoint of the line. Let d represent the distance

functions. along the line from its midpoint. If t is time in
seconds and the camera points at the midpoint at
idpoint
t= 0, then d = 6 tan (%t) models the point being g Rk
scanned. In this model, the distance below the
midpoint is a negative. Graph the equation for
—15 =+ = 15. Find the location the camera is
scanning at 5 seconds. What happens when t = 152
This problem will be solved in Example 4.

You have learned to graph variations of the sine and cosine functions. In this
lesson, we will study the graphs of the tangent, cotangent, secant, and cosecant
functions. Consider3the tangeélt function. First evaluate y = tan x for multiples of
o . . w T
7 in the interval — 5 =X=75-

_3m |5 3m| 7 Tl s 3m 5w 3m
x 2 4| T g 2 4 4 2 4 4 2
tan x| undefined | —1 0 1 undefined | —1 | O | 1 | undefined | —1 1 undefined

To graph y = tan x, draw the asymptotes and plot the coordinate pairs from

Look Back the table. Then draw the curves.

You can refer to
Lesson 3-7 to review
asymptotes.

,-""-":‘f"

[
>

L T Sp——

Notice that the range values for the interval _3m X = —% repeat for the

y =
intervals —gSXSganngxs?’%

function. Its period is .

. So, the tangent function is a periodic
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By studying the graph and its repeating pattern, you can determine the
following properties of the graph of the tangent function.

1. The period is .
2. The domain is the set of real numbers except %n, where n is
Properties an odd integer.
of the Graph 3. The range is the set of real numbers.
y = tan x 4. The x-intercepts are located at 7n, where n is an integer.
5. The y-intercept is O.
6. The asymptotes are x = %n, where n is an odd integer.
Now consider the graph of y = cot x in the interval —7 = x = 3.
x — 3T T 7 0 m 7 |37 o Sm | 37| 77 2
4 2 4 4 2| 4 4 2 4
cot x | undefined | 1 0 —1 | undefined 1 0 | —1| undefined | 1 0 | —1 | undefined

N

===y -——-->

By studying the graph and its repeating pattern, you can determine the
following properties of the graph of the cotangent function.

The period is .
The domain is the set of real numbers except #n, where nis an integer.
The range is the set of real numbers.

The xintercepts are located at %n, where nis an odd integer.

Properties of

the Graph of
y = cot x

There is no y-intercept.

The asymptotes are x = wn, where n is an integer.

o0k 0L =

Example o Find each value by referring to the graphs of the trigonometric functions.

a. tan 27
: 2
Since 9777 = g(9), tan 9777 is undefined.
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b. cot i

2
Since 77# = g(?) and 7 is an odd integer, cot 7777 = 0.

............................................................................................................................................. ®

The sine and cosecant functions A y A A A
have a reciprocal relationship. To ! 2 ! o !
graph the cosecant, first graph the | 11 :y = S"Q}\ / |
sine function and the asymptotes of \: ,/ \\: :// N
the cosecant function. By gtudymg the Y o 7-;\ ) 2 X
graph of the cosecant and its repeating R | Pos<" ! ! X
pattern, you can determine the : | : yi=osex |
following properties of the graph of v - v v v

the cosecant function.

Properties of
the Graph of
y = csc X

W=

®m NOObL

. y="Twhen x = 5

. y=—-1when x = 5

. The period is 2.

The domain is the set of real numbers except wn, where n is an integer.
The range is the set of real numbers greater than or equal to 1 or less

than or equal to —1.
There are no x-intercepts.
There are no y-intercepts.

. The asymptotes are x = «n, where n is an integer.

w - 0
- + 2mn, where nis an integer.

3 . .
=T 1 2mn, where nis an integer.

The cosine and secant functions
have a reciprocal relationship. To
graph the secant, first graph the
cosine function and the asymptotes of
the secant function. By studying the
graph and its repeating pattern, you
can determine the following
properties of the graph of the secant

-
N <

4
7’
}(__————->
~
Y
’
s

hY
—_————————

)
1

7

3

~

j-
< —————

| |

N

;
< ——————

function.

Properties of
the Graph of
y = sec x

n -

w

®N O O A

. The period is 2.

The domain is the set of real numbers except %n, where n is
an odd integer.

The range is the set of real numbers greater than or equal to 1
or less than or equal to —1.

There are no x-intercepts.

The y-intercept is 1.

7T

. The asymptotes are x = 57, where n is an odd integer.

. ¥y =1 when x = =n, where nis an even integer.
. y= —1 when x = 7n, where n is an odd integer.
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Example 9 Find the values of 6 for which each equation is true.

a.cscO=1
From the pattern of the cosecant function, csc 6 = 1if 6 = % + 27n, where
n is an integer.

b.sec = —1
From the pattern of the secant function, sec 6 = —1if 6 = 7n, where n is an

odd integer.

The period of y = sin kf or y = cos k6 is 2777 Likewise, the period of
y = csc kf or y = sec k6 is 2777 However, since the period of the tangent or
cotangent function is 7, the period of y = tan k6 or y = cot k0 is % In each
case, k > 0.

The period of functions y = sin k6, y = cos k6, y = csc k#, and y = sec kb

~ Period of is E—IZT where k > 0.
Trigonometric
Functions

The period of functions y = tan kf and y = cot K is % where k > 0.

The phase shift and vertical shift work the same way for all trigonometric

functions. For example, the phase shift of the function y = tan (k + ¢) + h is —%,
and its vertical shift is A.

Examples e Graph y = csc (g - %) + 2.

o

4
The period is ZTW or 4. The phase shiftis ——7 or % The vertical shift is 2.
2 2

Use this information to graph the function.

Step 1 Draw the midline which

y
is the graph of y = 2. 5T
Step 2 Draw dashed lines 4
parallel to the midline, -3
which are 1 unit above 2
and below the midline. 1
\
Step 3 Draw the cosecant *
curve with period of 4. —?—-
\]

Step 4 Shift the graph % units
to the right.
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O SECURITY Refer to the application at the beginning of the lesson.
a. Graph the equation y = 6 tan <30 )

b. Find the location the camera is scanning after 5 seconds.

c. What happens when ¢t = 15?

30
or vertical shifts. Draw the asymptotes at

a. The period is —— or 30. There are no horizontal A d
1
i
i
t = —15 and ¢ = 15. Graph the equation. !

b. Evaluate the equation at t = 5. i

d= 6tan<30> ;

_ T _
d = 6 tan [30 (5)} t=5
d = 3.464101615 Use a calculator.

The camera is scanning a point that is about 3.5 feet above the center of the
driveway.

c. At tan [ 30 (15)} or tan . the function is undefined. Therefore, the camera

will not scan any part of the driveway when ¢ = 15. It will be pointed in a
direction that is parallel with the driveway.

You can write an equation of a trigonometric function if you are given the
period, phase shift, and vertical translation.

Example o Write an equation for a secant function with period 7, phase shlft , and
vertical shift —3.

The form of the equation will be y = sec (k6 + ¢) + h. Find the values of

k, c, and h.
k: 2777 = a The period is .
k=2
c_7 7
¢ —p =3 The phase shift is
c_m .
273 k2
_ _2m
€= 73
h:h=-3

Substitute these values into the general equation. The equation is




CHECK FOR UNDERSTANDING

Communicating Read and study the lesson to answer each question.

Mathematics 1. Name three values of 6 that would result in y = cot 6 being undefined.

2. Compare the asymptotes and periods of y = tan 6 and y = sec 6.

3. Describe two different phase shifts of the secant function that would make it
appear to be the cosecant function.

Guided Practice  Find each value by referring to the graphs of the trigonometric functions.

4. tan 4 5. csc (—7777)

Find the values of @ for which each equation is true.
6.sech = —1 7.cotf=1

Graph each function.

8.y=tan(0+%) 9.y=sec(20 +m) — 1

Write an equation for the given function given the period, phase shift, and
vertical shift.
10. cosecant function, period = 3, phase shift = %, vertical shift = —4

11. cotangent function, period = 27, phase shift = — u

e vertical shift = 0
12. Physics A child is swinging on a tire swing.

The tension on the rope is equal to the

downward force on the end of the rope times

sec 6, where 0 is the angle formed by a vertical
line and the rope.

a. The downward force in newtons equals the
mass of the child and the swing in kilograms
times the acceleration due to gravity
(9.8 meters per second squared). If the mass
of the child and the tire is 73 kilograms, find
the downward force.

b. Write an equation that represents the tension

on the rope as the child swings back and
forth.

c. Graph the equation for —g =x= %
d. What is the least amount of tension on the rope?
e. What happens to the tension on the rope as the child swings higher and

higher?
E XERCISES
Practice Find each value by referring to the graphs of the trigonometric functions.
13. cot (%T) 14. tan (—8m) 18. sec (9777)
16. csc (—%T) 17. sec 77 18. cot (—5m)
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Applications
and Problem
Solving
S\ Wo,
g
gk

<
o) O
Blica™

19.
20.

What is the value of csc (—67)?
Find the value of tan (107).

Find the values of @ for which each equation is true.

21.
23.
25.

27.
28.

tan6 =0 22.secH =1
csch=—1 24.tan0 =1
tan6 = —1 26. coto = —1
What are the values of 0 for which sec 6 is undefined?

Find the values of 0 for which cot 0 is undefined.

Graph each function.

29.

31.

33.

35.

_ _7 —gec?
y—cot(() 2) 3D.y—sec3
y=cscH+5 32.y=tan(%—%)+l
y=csc(20 +m) —3 34.y=sec<%+%>—2
Graph y = cos 6 and y = sec 6. In the interval of —27 and 27, what are the

values of § where the two graphs are tangent to each other?

Write an equation for the given function given the period, phase shift, and
vertical shift.

36.
37.

38.

39.
40.

41.

42.

43.

44

45,

tangent function, period = 27, phase shift = 0, vertical shift = —6

cotangent function, period = g phase shift = %, vertical shift = 7

secant function, period = 7, phase shift = —%, vertical shift = —10
cosecant function, period = 3, phase shift = 7, vertical shift = —1

cotangent function, period = 57, phase shift = —ar, vertical shift = 12
cosecant function, period = g, phase shift = —g, vertical shift = —5

Write a secant function with a period of 37, a phase shift of 7 units to the left,
and a vertical shift of 8 units downward.

Write a tangent function with a period of % a phase shift of % to the right,
and a vertical shift of 7 units upward.

. Security A security camera is scanning a long straight fence along one side

of a military base. The camera is located 10 feet from the center of the fence.
If d represents the distance along the fence from the center and ¢ is time in

seconds, then d = 10 tan 4—76 t models the point being scanned.

a. Graph the equation for —20 = t = 20.
b. Find the location the camera is scanning at 3 seconds.

c. Find the location the camera is scanning at 15 seconds.

Critical Thinking Graphy =csc 6,y =3 csc 0, andy = —3 csc 6. Compare
and contrast the graphs.
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46. Physics A wire is used to hang a
painting from a nail on a wall as shown
at the right. The tension on each half of FT1 Y F
the wire is equal to half the

. 0
downward force times sec o

a. The downward force in newtons
equals the mass of the painting in
kilograms times 9.8. If the mass of
the painting is 7 kilograms, find the
downward force.

b. Write an equation that represents
the tension on each half of the
wire.

c. Graph the equation for 0 = 0 = 7.

d. What is the least amount of tension
on each side of the wire?

e. As the measure of # becomes
greater, what happens to the
tension on each side of the wire?

47. Electronics The current / measured in amperes that is flowing
through an alternating current at any time ¢ in seconds is modeled by

I = 220 sin (607rt — %)

a. What is the amplitude of the current?

b. What is the period of the current?

c. What is the phase shift of this sine function?
d. Find the current when ¢ = 60.

48. Critical Thinking Write a tangent function that has the same graph as
y = cot 6.

Mixed Review 49. Tides In Daytona Beach, Florida, the first high tide was 3.99 feet at 12:03 A.Mm.
The first low tide of 0.55 foot occurred at 6:24 A.M. The second high tide
occurred at 12:19 p.M. (Lesson 6-6)

a. Find the amplitude of a sinusoidal function that models the tides.

b. Find the vertical shift of the sinusoidal function that models the tides.
c. What is the period of the sinusoidal function that models the tides?
d

. Write a sinusoidal function to model the tides, using f to represent the
number of hours in decimals since midnight.

e. According to your model, determine the height of the water at noon.
50. Graphy = 2 cos % (Lesson 6-4)

51. If a central angle of a circle with radius 18 centimeters measures %, find the
length (in terms of ) of its intercepted arc. (Lesson 6-1)

52. Solve AABCif A = 62°31', B = 75°18’, and a = 57.3. Round angle measures to
the nearest minute and side measures to the nearest tenth. (Lesson 5-6)
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Vi
X
)

53.

54.

55.

56.

57

58.

. ‘ Pepperoni Pizza 19 360

Pizza Fat (grams) Calories
Cheese Pizza 14 270
Party Pizza 17 340
Pepperoni French Bread Pizza 22 430
Hamburger French Bread Pizza 19 410
.‘ Deluxe French Bread Pizza 20 420

Entertainment A utility pole is braced by a cable attached to the top of the pole
and anchored in a concrete block at the ground level 4 meters from the base of
the pole. The angle between the cable and the ground is 73°. (Lesson 54)

a. Draw a diagram of the problem.

b. If the pole is perpendicular with the ground, what is the height of
the pole?

c. Find the length of the cable.

Find the values of the sine, cosine, and tangent A
for L A. (Lesson 5-2)

4in.

x2 -4 c 7 in. B

Solve - 3x—10 = 0. (Lesson 4-6)

If r varies directly as ¢t and t = 6 when r = 0.5, find r when t = 10.
(Lesson 3-8)

. Solve the system of inequalities by graphing. (Lesson 2-6)

3x+2y<8
y<2x+1
—2y<-—-x+14

Nutrition The fat grams and Calories in various frozen pizzas are listed below.
Use a graphing calculator to find the equation of the regression line and the
Pearson product-moment correlation value. (Lesson 1-6)

Sausage Pizza 18 360

,‘ Sausage and Pepperoni Pizza 18 340
A Spicy Chicken Pizza 16 360
Supreme Pizza 18 308
Vegetable Pizza 13 300
Pizza Roll-Ups 13 250
59. SAT/ACT Practice The distance from City A to City B is 150 miles. From City A
to City Cis 90 miles. Which of the following is necessarily true?
A The distance from B to Cis 60 miles.
B Six times the distance from A to B equals 10 times the distance from A to C.
C The distance from B to Cis 240 miles.
D The distance from A to B exceeds by 30 miles twice the distance from A to C.
E Three times the distance from A to C exceeds by 30 miles twice the distance
from A to B.
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OBJECTIVE
* Use a graphing
calculator to
model beat
effects produced
by waves of
almost equal
frequencies.

GRAPHING CALCULATOR EXPLORATION

6-7B Sound Beats

An Extension of Lesson 6-7

The frequency of a wave is defined as the reciprocal of the period of the
wave. If you listen to two steady sounds that have almost the same frequencies,
you can detect an effect known as beat. Used in this sense, the word refers to a
regular variation in sound intensity. This meaning is very different from another
common meaning of the word, which you use when you are speaking about the
rhythm of music for dancing.

A beat effect can be modeled mathematically by combination of two sine
waves. The loudness of an actual combination of two steady sound waves of
almost equal frequency depends on the amplitudes of the component sound
waves. The first two graphs below picture two sine waves of almost equal
frequencies. The amplitudes are equal, and the graphs, on first inspection, look
almost the same. However, when the functions shown by the graphs are added,
the resulting third graph is not what you would get by stretching either of the
original graphs by a factor of 2, but is instead something quite different.

AL B [

TRY THESE

WHAT DO YOU
THINK?

1. Graph f(x) = sin (b7x) + sin (4.797x) using a window [0, 104] scl:7 by
[—2.5, 2.5] scl:1. Which of the graphs shown above does the graph resemble?

2. Change the window settings for the independent variable to have
Xmax = 2007. How does the appearance of the graph change?

3. For the graph in Exercise 2, use value on the CALC menu to find the value of
f(x) when x = 187.158.

4. Does your graph of Exercise 2 show negative values of y when x is close to
187.158?

5. Use value on the CALC menu to find f(191.5). Does your result have any
bearing on your answer for Exercise 4? Explain.

6. What aspect of the calculator explains your observations in Exercises 3-5?

7. Write two sine functions with almost equal frequencies. Graph the sum of the
two functions. Discuss any interesting features of the graph.

8. Do functions that model beat effects appear to be periodic functions? Do
your graphs prove that your answer is correct?
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OBJECTIVES
* Graph inverse
trigonometric
functions.

* Find principal
values of inverse
trigonometric
functions.

Look Back

You can refer to
Lesson 5-5 to review
the inverses of
trigonometric

Trigonometric Inverses
and Their Graphs

ENTERTAINMENT Since the
L] ° . . . .
» ~ giant Ferris wheel in Vienna,
“lico®®  Austria, was completed in
1897, it has been a major attraction for

o\ Wo,
Ei

local residents and tourists. The giant Ferris
wheel has a height of 64.75 meters and a
diameter of 60.96 meters. It makes a
revolution every 4.25 minutes. On her
summer vacation in Vienna, Carla starts
timing her ride at the midline point at exactly

11:35 A.M. as she is on her way up. When

Carla reaches an altitude of 60 meters, she

will have a view of the Vienna Opera House. When will she have this view for the
first time? This problem will be solved in Example 4.

o Recall that the inverse of a function may be found by interchanging
the coordinates of the ordered pairs of the function. In other words, the
domain of the function becomes the range of its inverse, and the range
of the function becomes the domain og its inverse. For example, the inverse
ofy=2x+5isx=2y+5o0ry= % Also remember that the inverse of a
function may not be a function.
Consider the sine function and its inverse.
Relation Ordered Pairs Graph Domain Range
1y" y=sinx
y = sin x (x, sin x) N\ all real numbers -lT=y=1
- 0 T X
y
gL
y = arcsin x (sin x, x) ‘Tz_m " -1=x=1 all real numbers
- >y= arcsin x

Notice the similarity of the graph of the inverse of the sine function to the
graph of y = sin x with the axes interchanged. This is also true for the other
trigonometric functions and their inverses.
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Relation | Ordered Pairs Graph Domain Range

y = Ccos x

(x, cos x) all real numbers -1T=y=1

Y} y=cosx

y = arccos x

(cos x, X) -1=x=1 all real numbers

y = arccos x

y = tan x (x, tan x) all real numbers | all real numbers
™
except on
where n is an
odd integer
y = arctan x (tan x, x) all real numbers | all real numbers
77'
except o

where nis an

odd infeger

Capital letters are
used to distinguish
the function with
restricted domains
from the usual
trigonometric
functions.

Notice that none of the inverses of the trigonometric functions are functions.

Consider only a part of the domain of the sine function, namely —g =x= g

The range then contains all of the possible values from —1 to 1. It is possible to
define a new function, called Sine, whose inverse is a function.

y = Sin x if and only if y = sin x and —gsxsg.

The values in the domain of Sine are called principal values. Other new
functions can be defined as follows.

y=Cosxifandonlyify = cosxand 0 = x = 7.
y = Tan x if and only if y = tan x and —%<x<§.
The graphs of y = Sin x, y = Cos x, and y = Tan x are the blue portions of

the graphs of y = sin x, y = cos x, and y = tan x, respectively, shown on
pages 405-406.
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Note the capital
“A” in the name
of each inverse

The inverses of the Sine, Cosine, and Tangent functions are called Arcsine,
Arccosine, and Arctangent, respectively. The graphs of Arcsine, Arccosine, and
Arctangent are also designated in blue on pages 405-406. They are defined as

function. follows.
Arcsine Given y = Sin x, the inverse Sine function is defined by the equation
Function y=Sin~" xor y = Arcsin x.
Arccosine Given y = Cos x, the inverse Cosine function is defined by the equation
Function y = Cos~' xor y = Arccos x.
Arctangent Given y = Tan x, the inverse Tangent function is defined by the equation
Function

y=Tan~" xor y = Arctan x.

The domain and range of these functions are summarized below.

. T T
y = Sin x S S=x=o -l=sy=1
y = Arcsin x -1=x=1 —ESysi
2 2
y = Cos x O=x=nx -l1=y=1
y = Arccos x -l=x=1 O=sy=mw
y = Tan x —g<x<% all real numbers
y = Arctan all real numbers —%<y<%

Example o Write the equation for the inverse of y = Arctan 2x. Then graph the function

and its inverse.

y = Arctan 2x
x = Arctan 2y [FExchange x and y.
Tan x = 2y Definition of Arctan function
ETan xX=Yy Divide each side by 2.

Now graph the functions.

>

o=
|

EER

EER |

| —
<

I
ro|—
~
=

>

Note that the graphs are reflections of each other over the graph of y = x.




You can use what you know about trigonometric functions and their inverses

to evaluate expressions.

Examples 9 Find each value.

a. Arcsin (—%)

Let 6 = Arcsin <—¥)
Sin 6 = —ﬁ
2
__m
o= 4
b. Sin~! (cos ;)

w

Ify = cos 2,theny=0.

Sin~! <cos g) =Sin"10
=0

c. sin (Tan~! 1 — Sin~1 1)

Think: Arcsin (—%) means that angle whose
Sin is —7.

Definition of Arcsin function

Why is 0 not —3777?

T with 0.

Replace cos 5

Leta = Tan"!1and 8 = Sin!1.

Tana =1 Sing =1
G R
Ty B=5

sin (Tan"!1 — Sin~! 1) = sin (a — B)

—ein | _ T _T T
_s‘“(4 2) x="pB=7
—ein | T
= sin |~
V2
~ 2
a(_N2\_ =
. COS [Cos < ) ) 2}
Let 6 = Cos™! (—%)
Cos 6 = _T2 Definition of Arccosine function
_ 37
0=" ”
cos [Cos‘1 (—TZ> - 727] = cos (6 - g)
_ 3m_m) g7
cos (4 5 =
— a
=cos
V2
)
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e Determine if Tan~! (tan x) = x is true or false for all values of x. If false,
i give a counterexample.

Try several values of x to see if we can x tan x | Tan~! (tan x)
find a counterexample. 0 0 0
When x = 7, Tan"! (tan x) # x. So m ! a
Tan~! (tan x) = x is not true for all 4 4
values of x. ™ 0 0
et R R R Rt ®
You can use a calculator to find inverse trigonometric functions. The
calculator will always give the least, or principal, value of the inverse
trigonometric function.
Example 0 ENTERTAINMENT Refer to the application at the beginning of the lesson.
o\ Wo i  When will Carla reach an altitude of 60 meters for the first time?
7 XA
N o First write an equation to model the height of a seat at any time ¢. Since the
A yo ; seatisat the midline point at ¢ = 0, use the sine function y = A sin (kt + ¢) + h.
Dlico™ ¢ Find the values of A4, k&, ¢, and h.
A: The value of A is the radius of the Ferris
wheel. midline
A = (60.96) or 3048 The diameter is
60.96 meters. 17" 7"~
k: 2777 = 4.25 The period is 4.25 minutes. 64.75m
2@
k=425

c: Since the seat is at the equilibrium point
at t = 0, there is no phase shift and ¢ = 0.

h: The bottom of the Ferris wheel is 64.75 — 60.96 or 3.79 meters above the
ground. So, the value of h is 30.48 + 3.79 or 34.27.

Substitute these values into the general equation. The equation is

y = 30.48 sin (42—27T5t) + 34.27. Now, solve the equation for y = 60.
60 = 30.48 sin (42—27T5t) + 34.27 Replace y with 60.
25.73 = 30.48 sin (%f) Subtract 34.27 from each side.
BB _ sin <%t) Divide each side by 30.48.
sin~! (ggzz) = 42.%2‘ Definition of sin~!
% in~! (ggg) = Multiply each side by %
0.6797882017 = ¢ Use a calculator.

Carla will reach an altitude of 60 meters about 0.68 minutes after 11:35
or 11:35:41.




CHECK FOR UNDERSTANDING _

Communicating  Read and study the lesson to answer each question.
Mathematics 1. Compare y = sin"! x, y = (sinx)~1, and y = sin (x ).

2. Explain why y = cos™! x is not a function.

3. Compare and contrast the domain and range of y = Sin x and y = sin x.

4. Write a sentence explaining how to tell if the domain of a trigonometric function
is restricted.

5. You Decide Jake says that the period of the cosine function is 277. Therefore,
he concludes that the principal values of the domain are between 0 and 27,
inclusive. Akikta disagrees. Who is correct? Explain.

Guided Practice  Write the equation for the inverse of each function. Then graph the function and

its inverse.
6.y = Arcsin x 7.y = Cos (x + g)
Find each value.
—1 —1 \/E a
8. Arctan 1 9.cos (Tan"' 1) 10. cos | Cos - |75

Determine if each of the following is true or false. If false, give a counterexample.
11.sin (Sin"1x) =xfor -1 =x=1 12. Cos™ ! (—x) = —Cos lxfor -1 =x =1

13. Geography Earth has been charted with vertical and horizontal lines
so that points can be named with coordinates. The horizontal lines are
called latitude lines. The equator is latitude line 0. Parallel lines are
numbered up to % to the north and to the south. If we assume Earth
is spherical, the length of any parallel of latitude is equal to the
circumference of a great circle of Earth times the cosine of the
latitude angle.

a. The radius of Earth is about 6400 kilometers. Find the circumference
of a great circle.

b. Write an equation for the circumference of any latitude circle with
angle 6.

c. Which latitude circle has a circumference of about 3593 kilometers?

d. What is the circumference of the equator?

£ XERCISES ,

Practice Write the equation for the inverse of each function. Then graph the function and

its inverse.

14.y = arccos x 15.y = Sinx

16.y = arctanx 17.y = Arccos 2x

18. y=< T + Arcsin x 19.y=tan§

20.Isy = Tan™! (x + g) the inverse of y = Tan (x - %)7 Explain.

gonometic Funcii - | If_check_qui
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Applications
and Problem
Solving
oA Vo,
< 3

<
0, <«
Dlico™

21.

The principal values of the domain of the cotangent function are 0 =< x = .
Graph y = Cot x and its inverse.

Find each value.

22.

24.

26.

28.

30.

31.

Sin~10 23. Arccos 0
Tan~! % 25. Sin~! (tan %)
,\/_
sin <2 Cos™! TZ> 27. cos (Tan~! \/3)
cos (Tan"!'1 - Sin~11) 29. cos (Cos‘1 0 + Sin™! %)
sin (Sin_1 1 —Cos! %)

Is it possible to evaluate cos [Cos ™! (—%) — Sin~1 2]? Explain.

Determine if each of the following is true or false. If false, give a counterexample.

32.
33.
34.
35.
36.

37.

38.

39.

40.

41.

42,

Cos~! (cos x) = x for all values of x
tan (Tan~! x) = x for all values of x
Arccos x = Arccos (—x) for —1=x=1
Sin“!lx=-Sin"! (—-x)for—-1=x=1

Sin‘1x+Cos‘1x=%for—1 =x=1

for all values of x

1
-1 _
Cos ' x Cos x

Sketch the graph of y = tan (Tan"! x).

2

Meteorology The equation y = 54.5 + 23.5 sin (%t - ?) models the average

monthly temperatures of Springfield, Missouri. In this equation, ¢ denotes the
number of months with January represented by 1. During which two months is
the average temperature 54.5°?

Physics The average power P of an electrical circuit with alternating current is
determined by the equation P = VI Cos 6, where V is the voltage, / is the current,
and 6 is the measure of the phase angle. A circuit has a voltage of 122 volts and
a current of 0.62 amperes. If the circuit produces an average of 7.3 watts of
power, find the measure of the phase angle.

Critical Thinking Consider the graphs y = arcsin x and y = arccos x. Name the
y coordinates of the points of intersection of the two graphs.

Optics Malus’ Law describes the amount of light transmitted through two
polarizing filters. If the axes of the two filters are at an angle of 6 radians, the
intensity / of the light transmitted through the filters is determined by the
equation / = [, cos? 9, where I, is the intensity of the light that shines on

the filters. At what angle should the axes be held so that one-eighth of the
transmitted light passes through the filters?

Lesson 6-8  Trigonometric Inverses and Their Graphs 411




43.

44,
45,

Mixed Review 46.
47.

48.
49.

50.
51.

52.

53.
54.

Tides One day in March in Hilton Head, South Carolina, the first high tide
occurred at 6:18 A.M. The high tide was 7.05 feet, and the low tide was
—0.30 feet. The period for the oscillation of the tides is 12 hours and 24 minutes.

a. Determine what time the next high tide will occur.

b. Write the period of the oscillation as a decimal.

c. What is the amplitude of the sinusoidal function that models the tide?

d. If t = 0 represents midnight, write a sinusoidal function that models the tide.
e. At what time will the tides be at 6 feet for the first time that day?

Critical Thinking Sketch the graph of y = sin (Tan"! x).

Engineering The length L of the
belt around two pulleys can be
determined by the equation
L=aD+ (d— D)6 + 2Csin 6,
where D is the diameter of the
larger pulley, d is the diameter of
the smaller pulley, and C is the
distance between the centers of the
two pulleys. In this equation, 6 is
measured in radians and equals
\D—d

2C -
a. If D = 6 inches, d = 4 inches, and C = 10 inches, find 6.

b. What is the length of the belt needed to go around the two pulleys?

CcoS

What are the values of 6 for which csc 0 is undefined? (Lesson 6-7)

Write an equation of a sine function with amplitude 5, period 3, phase shift —r,
and vertical shift —8. (Lesson 6-5)

Graph y = cos x for =117 = x = —97. (Lesson 6-3)

Geometry Each side of a rhombus is 30 units long. One diagonal makes a
25° angle with a side. What is the length of each diagonal to the nearest tenth
of a unit? (Lesson 5-6)

Find the measure of the reference angle for an angle of 210°. (Lesson 5-1)

List the possible rational zeros of f(x) = 2x3 — 9x2 — 18x + 6. (Lesson 4-4)

Graphy = xT12 + 3. Determine the interval(s) for which the function is
increasing and the interval(s) for which the function is decreasing.

(Lesson 3-5)
Find [fo g](x) and [g ° f](x) if f(x) = x> — 1 and g(x) = 3x. (Lesson 1-2)

SAT/ACT Practice Suppose every letter in the alphabet has a number value
that is equal to its place in the alphabet: the letter A has a value of 1, B a value
of 2, and so on. The number value of a word is obtained by adding the values of
the letters in the word and then multiplying the sum by the number of letters of
the word. Find the number value of the “word” DFGH.

A 22 B 44 C 66 D 100 E 108
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amplitude (p. 368) midline (p. 380)

angular displacement (p. 352) period (p. 359)

angular velocity (p. 352) periodic (p. 359)

central angle (p. 345) phase shift (p. 378)
circular arc (p. 345) principal values (p. 406)
compound function (p. 382) radian (p. 343)
dimensional analysis (p. 353) sector (p. 346)

frequency (p. 372) sinusoidal function (p. 388)

linear velocity (p. 353)

Choose the correct term to best complete each sentence.
1. The (degree, radian) measure of an angle is defined as the length of the corresponding arc
on the unit circle.

2. The ratio of the change in the central angle to the time required for the change is known as
(angular, linear) velocity.

3. If the values of a function are (different, the same) for each given interval of the domain, the
function is said to be periodic.

4. The (amplitude, period) of a function is one-half the difference of the maximum and minimum
function values.

5. A central (angle, arc) has a vertex that lies at the center of a circle.
6. A horizontal translation of a trigonometric function is called a (phase, period) shift.

7. The length of a circular arc equals the measure of the radius of the circle times the
(degree, radian) measure of the central angle.

8. The period and the (amplitude, frequency) are reciprocals of each other.
9. A function of the form y = A sin (k0 + ¢) + h is a (sinusoidal, compound) function.

10. The values in the (domain, range) of Sine are called principal values.

NE For additional review and practice for each lesson, visit: www.amc.glencoe.com O
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CHAPTER 6 ® STUDY GUIDE AND ASSESSMENT

SK”_.L.S AND CONCEPTS P .

OBJECTIVES AND EXAMPLES

Lesson 6-1 Change from radian measure to
degree measure, and vice versa.

S

® Change — 3
i 57 _ 57 180°

3 -3 X4
= —300°

radians to degree measure.

REVIEW EXERCISES

Change each degree measure to radian
measure in terms of .

11.60° 12. =75° 13. 240°

Change each radian measure to degree
measure. Round to the nearest tenth, if
necessary.

T
6 15. 1

Lesson 6-1 Find the length of an arc given the
measure of the central angle.

® Given a central angle of 2?77 find the length

of its intercepted arc in a circle of radius
10 inches. Round to the nearest tenth.

s=rb

s = 10(2?#)

s =~ 20.94395102

The length of the arc is about 20.9 inches.

Given the measurement of a central angle, find
the length of its intercepted arc in a circle of
radius 15 centimeters. Round to the nearest
tenth.

17. %TW 18. 75°
19. 150° 20. %

Lesson 6-2 Find linear and angular velocity.

® Determine the angular velocity if
i 5.2 revolutions are completed in 8 seconds.
Round to the nearest tenth.

The angular displacement is 5.2 X 27 or
10.47 radians.

_0
©=%

1047
©="3
o ~ 4.08407045

The angular velocity is about 4.1 radians
per second.

Determine each angular displacement in
radians. Round to the nearest tenth.

21. 5 revolutions
22. 3.8 revolutions
23. 50.4 revolutions
24. 350 revolutions

Determine each angular velocity. Round to the
nearest tenth.

25. 1.8 revolutions in 5 seconds
26. 3.6 revolutions in 2 minutes
27. 15.4 revolutions in 15 seconds

28. 50 revolutions in 12 minutes
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REVIEW EXERCISES

OBJECTIVES AND EXAMPLES

Lesson 6-3 Use the graphs of the sine and
cosine functions.

¢ Find the value of cos 5777 by referring to the
' graph of the cosine function.

A e
o \:,/_100 W om X

_ il ST T
9 —277+2,socos 5 —coszorO.

Find each value by referring to the graph of the
cosine function shown at the left or sine
function shown below.

29. cos 57 30. sin 137
97 i
31. sin 5 32 cos( 2)

Lesson 6-4 Find the amplitude and period for
sine and cosine functions.

¢ State the amplitude and period for

y= —% cos 26.

The amplitude of y = A cos k6 is |Al.

Since A = —%, the amplitude is ’ —% ‘
or 3
1

Since k = 2, the period is 2777 or 7.

State the amplitude and period for
each function. Then graph each
function.

33.y =4 cos 20
34.y = 0.5 sin 40

35.y = —%cosg

Lesson 6-5 Write equations of sine and cosine
functions, given the amplitude, period, phase
shift, and vertical translation.

® Write an equation of a cosine function with
i an amplitude 2, period 27, phase shift —r,
and vertical shift 2.

A: |A| =2,0A =2o0r —2.

B 2T —om sok=1.

R
C. _%:_W,SO_C:_WOI"C:W.
h: h=2

Substituting into y = A sin (k6 + ¢) + h,
the possible equations are
y==*2cos(0+m) + 2.

36. Write an equation of a sine function with an

amplitude 4, period %, phase shift —27r, and
vertical shift —1.

37. Write an equation of a sine function with an
amplitude 0.5, period 7, phase shift %, and
vertical shift 3.

38. Write an equation of a cosine function with
an amplitude %, period %, phase shift 0, and

vertical shift 5.
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OBJECTIVES AND EXAMPLES

Lesson 6-6 Use sinusoidal functions to solve
problems.

® A sinsusoidal function can be any function
: of the form

y=Asin (k6 + ¢) + h or
y=Acos (k6 + ¢) + h.

REVIEW EXERCISES

Suppose a person’s blood pressure oscillates
between the two numbers given. If the heart
beats once every second, write a sine function
that models this person’s blood pressure.

39. 120 and 80
40. 130 and 100

Lesson 6-7 Graph tangent, cotangent, secant,
and cosecant functions.

H Graph y = tan 0.56.

The period of this function is 27r. The
phase shift is 0, and the vertical shift is 0.

Graph each function.
_1

41.y = 3 €s¢C 0

42.y = 2 tan <30 + g)

43.y =sec + 4

44.y =tan 6 — 2

Lesson 6-8 Find the principal values of inverse
trigonometric functions.

¢  Find cos (Tan"! ).
: Leta = Tan"! 1.

Tana =1
_ T
“T g
7 _ V2

COS4 2

Find each value.
45, Arctan (—l)
46.Sin" 11

4

48. sin (Sin—l %)

47.Cos~ ! <tan 1)

489. cos (Arctan \/§ + Arcsin %)
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APPLICATIONS AND PROBLEM SOLVING = = TEsssssssaas .

50. Meteorology The
mean average
temperature in a
certain town is 64°F.
The temperature
fluctuates 11.5°
above and below
the mean
temperature. If t = 1
represents January, the
phase shift of the sine
function is 3. (Lesson 6-6)

0 ; 120

- ——_

-6

a. Write a model for the average monthly
temperature in the town.

b. According to your model, what is the
average temperature in April?

c. According to your model, what is the
average temperature in July?

51. Physics The strength of a magnetic field is
called magnetic induction. An equation for

ﬁ, where F
is a force on a current / which is moving
through a wire of length L at an angle 6 to
the magnetic field. A wire within a magnetic
field is 1 meter long and carries a current of
5.0 amperes. The force on the wire is

0.2 newton, and the magnetic induction

is 0.04 newton per ampere-meter. What is
the angle of the wire to the magnetic field?
(Lesson 6-8)

magnetic induction is B =

.................................................................. ALTERNATIVE ASSESS MENT e

OPEN-ENDED ASSESSMENT

1. The area of a circular sector is about
26.2 square inches. What are possible
measures for the radius and the central
angle of the sector?

2. a. You are given the graph of a cosine
function. Explain how you can tell if the
graph has been translated. Sketch two
graphs as part of your explanation.

b. You are given the equation of a cosine
function. Explain how you can tell if the
graph has been translated. Provide two
equations as part of your explanation.

Additional Assessment See p. A1 for Chapter 6
practice test.

nit 2 ILETNET Project

THE CYBERCLASSROOM
What Is Your Sine?

e Search the Internet to find web sites that
have applications of the sine or cosine
function. Find at least three different sources
of information.

e Select one of the applications of the sine
or cosine function. Use the Internet to find
actual data that can be modeled by a graph
that resembles the sine or cosine function.

¢ Draw a sine or cosine model of the data. Write
an equation for a sinusoidal function that fits
your data.

PORTFOLIO

Choose a trigonometric function you
studied in this chapter. Graph your function.
Write three expressions whose values can be
found using your graph. Find the values of these
expressions.

Chapter 6  Study Guide and Assessment 417




Trigonometry Problems

Each ACT exam contains exactly four trigonometry problems. The SAT
has none! You'll need to know the trigonometric functions in a right

triangle. SOH-CAH-TOA. Pronounce it
. _ __opposite _ _ adjacent _ Oopposite as so-ca-fo-0.
sin 6 hypotenuse cos 0 hypotenuse tan 0 adjacent SOH represents Sine (is)
Opposite (over) Hypotenuse
Review the reciprocal functions. CAH represents Cosine (is)
csc h = — sec § = —L cot § = —1 Adjacent (over) Hypotenuse
sin 6 cos 0 tan 0

Review the graphs of trigonometric functions.

ACT EXAMPLE

1. If sin 6 = 3 and 90° < 9 < 180°, then 6 = ?
A 100°
B 120°
C 130°
D 150°
E 160°

HINT Memorize the sine, cosine, and tangent of
special angles 0°, 30°, 45°, 60°, and 90°.

Solution Draw a diagram. Use the quadrant
indicated by the size of angle 6.

Recall that the sin 30° % The angle inside the
triangle is 30°. Then 6 + 30° = 180°.

If  + 30° = 180°, then 6 = 150°.
The answer is choice D.

418 Chapter 6 Graphs of Trigonometric Functions
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PRINCETON
REVIEW /

R4

TEST-TAKING TIP

Use the memory aid

TOA represents Tangent (is)
Opposite (over) Adjacent

ACT EXAMPLE

2. What is the least positive value for x where
y = sin 4x reaches its maximum?

A

TERFNERIE

3

m O O @

2

HINT Review the graphs of the sine and cosine
functions.

Solution The least value for x where y = sin x

reaches its maximum is % If 4x = %, then x = %
The answer is choice A.

P p—




SAT AND ACT PRACTICE

After you work each problem, record your 6. In the figure below, £ A is a right angle,
answer on the answer sheet provided or on a AB is 3 units long, and BC is 5 units long.
piece of paper. If 2 C = 0, what is the value of cos 6?
Multiple Choice A
1. What is sin 0, if tan 6 = %? A
3 4 0
A 4 B 5 () 5 B
5 5 3 3 4 5 5
Cy D3 As By €y Dy Ej
E L
3 7. The equation x — 7 = x2 + y represents
which conic?
2. If the sum of two copsecutive odd integers is A parabola B circle C ellipse
56, then the greater integer equals: D hyperbola E line
A 25 B 27 C 29
D 31 E 33 8. If n is an integer, then which of the following
must also be integers?
3. For all § where sin § — cos 6 # 0, | l6n+16
sin?6 — cos? is equivalent to n
sin @ — cos 0 4 1L 16n + 16
A sinf — cos 0 B sinf + cos 6 16n
1 16n* + n
C tan ¥ D -1 ) 16n
E 1 A Tonly B Il only C Il only
D Iand II E Iland Il
4. In the figure below, side AB of triangle ABC
contains which point? 9. For x > 1, which expression has a value that
is less than 1?
y B ]
, A x*
| B x¥*2
|
! C (x +2)¢
! D x!—x
A(0,0) o . E x*
o] c x
10. Grid-In In the B
A2 B (35 figure, segment
C 4,6 D (4, 10) AD bisects
100°
E (6,8) / BAC, and
segment DC A c
bisects £ BCA.
5. Which of the following is the sum of If the measure of Z ADC = 100°, then what
both solutions of the equation is the measure of 2 B?
x2—2x—8=0? . ;
A -6 B -4 c -2 AN SAT/ACT Practice For additional test
D 2 E 6 practice questions, visit: www.amc.glencoe.com
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